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trinh Pai hoc Su pham Todn, 12 mot chuyén dé co ban trong ndi dung day hoc cho

cac doi tuyén Olympic danh cho sinh vién toan cac trudng Dai hoc va Cao dang.

Bai toan vé day s6 gidp sinh vién hiéu sau sic hon vé& ham s6, vé qui luat phan b

Tor khé’a: ) '
Day so, gioi han, so hoc, so

chinh phuong, sinh vién. ciu cua sinh vién.

céc sb, vé tinh chét cac vo cuing bé, vo cuing 16n... Bai viét nay, tac gia tong hop

mot s6 bai toan lién quan dén ddy s6 nham phét trién nang luc hoc tap va nghién

1. PAT VAN BE

Trong bai b4o nay, tac gia dua trén cac y tuéng da céd
Ve s6 hoc va day sb ciia mot sb tac gia nhu GS.TS Phan
Huy Khai (Vién Toan hoc Viét Nam), mot s6 bai toan
trong Tap chi Toan Hoc va Tudi tré va mot s6 chuyén dé
vé day sb, lam sang to mot s van dé hoc sinh va sinh
vién con chua rd khi giai todn dang nay, hinh thanh
phuong phap chung giai cac dang toan do.

Thuc té giang day, sinh vién tham gia dy thi Olympic
tai Truong Pai hoc Tan Trao nam 2018- 2019 t&c gia
nhan thay, sinh vién doi tuyén toan chua nim dugc hé
thdng cac tng dung s6 hoc vao déy sb higu qua, chua co
céi nhin tong thé, ngudn gdc cac bai toan va chua co tinh
chu dong, sang tao trong thyc tidn. Do do, dé cac doi

tuyén sinh vién dat két qua cao trong cac ki thi Olympic

can thiét phai trang bi cho cac em cac kién thuc vé day
s6 thong qua mot sé bai toan co ban.

2. NQI DUNG NGHIEN CUU

Trong phan ndi dung, do chuyén dé nay la tng dung
s6 hoc vao day so, nén kién thirc co so s& dugc dé cap
trong tirng bai cu thé.

2.1. Bai toan 1. Tinh tong

S =K+ +. . +nk,ne¥r kX

2.1.1. Xay dyung cbng thuc tinh:

Ta da biét:

S=L+2+..4P=n
S=F+2+. +nt :_n(n2+])
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S =P+2+..+1? :—n(n+])6(21+]) :

Di c6 nhiéu cach dé tinh c4c tong trén, nhung dé tong

quat duoc, ta ¢6 thé 1am nhu sau:
Ta da c6 cong thirc: (a+b)n :gqan‘k[j( :

Ap dung vao cac khai trién sau:

(N+1P-1=GS +G5
(n+1*1= (N+1P-1=GS +CS + G-

Téng quéat ta c6 cong thuc truy hdi cho SK:

(n +1)k 1GSHE S+ +ES TGS

2.1.2. Vidu 1. Tim sb hang tong quét cua day s6 (un),
biét:
n(n+1)

ulzovuml :W

Gidi: Phuong trinh diy dugc viét lai: Upu=

o= g

(U +1),nex*

) m2f (43 =n(n1f (n42)u, +n(n1F (n+2),

pat N(N+HLF(N+2)u, =X,
va N(N-+1F(N+2)=f,.. @ o6 phone i
X =% =T, % =0
cho N=12....,taco:
X, %1 =(N—1).r2(nN+1)
XX =(n-2)(n-1Fn ..
X, —¥% =123

Cong cac diang thic va rit gon ta dugc:

X, % =L23+2FA4+..+{n-1)r?.(n+1).
Thay X =Cta co:

X% =L23+2F4+..+n-1)re.(n+1).
Ta hdy tim céch tinh tdng trén, ta co:
(n=1).r2.(n+1)=rf —r?.

Do do:

X =12 A1 AL+ 2 4P

Day chinh 1a tong 84 va SZ & trén. Thay vao ta dugc:
_(n=-Dn(n+)(2n+D(n+2)
% 10

=, :(n_])rg%_‘]—i_])’ne;é*.

Nhdn xét: Bai toan trén Ia loai day sai phan tuyén tinh

v6i hé s bién thién: Tim s6 hang tong quéat cua ddy

iy g (K
()it u”l_(nfﬁ]_)].)..(myﬂ)

2.1.3. Bai tap tuong ty
Bai 11. Cho diy s6 (un)

_2P32+.Hn+) Tin linuL?
U, P ' "

Bai 1.2. Tinh cac gidi han sau:

1) fimt +2 et
2) Iim&k +2 J:...+n" ,

Bai 1.3. Tim U biét

(u, +1),ne¥*

biét:

b =1, =20, +2 ¥

2.2. Bai toan 2. Tim diéu kién hozc chirg minh cac s6
hang ciia mot dy s6 khong di dau.

2.2.1. Vi du: Cho day (g, )biét & =8, & =bva
.o =8, +28, +0. Tim didu kien cua 3, b ¢
a>0vhe¥

Gidai:

+ Tim s6 hang téng quat cua day: Dat
an :Vn +V\A, VGi (Vn)|a day tuyén tinh thuan

nhét, (Wn)lé day da thuc cua [, Phuong trinh dic

mmg cia diy 12 X+X—2=0 c6 nghicm
X =1 X% ——2, nén ta cé:

v, =AT+B(-2)' =A+B(-2a
w, =Cn.

Thay vao ddy ta co:

Qn+2)=-Qn+1)+2n+6=C=2
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Do do: W, =2N. Vay:
a,=A+B(-2]'+n, net.
Thay N=01ta co:

(Z)nFa(ernZ (2nn RS b+2J _—

Tir d6 ta thay:

a—b+2
3

i@, =, loai.

Néu a_—g_'_2<0 thi voi N=XK co

lI®, = 10ai.

:a—g+220 thoa man va didu kién can tim cua

a, b1a b=a+2va a>0.

- Néu

>0 thi vsi N=K+1 c6

2.2.2. Bai tap tuong tu
Bai 2.1. Xac dinh cac diy (an)biét:

&=L 8o =8+ ma §,> Q¥
Bai 2.2. Ching minh c6 duy nhit 1 ddy s duong
(q]) thoa man diéu kién:

W =], U, —Unyg = Uppo VNEF,
2.3. Bai toan 3. Lap luan dé cac sé hang ciaa mot
day s6 1a s6 nguyén.

231 Vi du: Cho day (g, )biét: & =a, =1,

2
a, :an—l__i_z’wzg. Chang minh moi 6 hang cua
2
diy déu 1a sb nguyén.

Giai: Truéc hét ta dua diy vé dang tuyén tinh. Ta
co: =3 @, =11, & =41 ciasu
ad, =084 +m]_2 +¥.Thay N=12,3ta duoc

3=a+p+y a=4
=3+ p+y p=-1
41—]_'Ia+3,8+7/ y=0

vay: &, =43, —a, 5, N=3
Do & =3, =1le¢ =8, ¢, ¥ >,

2.3.2. Céac bai tap tuong tu
Bai 3.1. Cho day (X, )biét:

X =1 %0 =3¢, +/BG +Lne¥*

Ching minh moi s6 hang cua diy déu nguyén.
Bai 3.2. Cho ddy (qq)thoa man:

_ Uy
2 ZJ un+1

can va du déi voi Ul, UQ dé day c6 vo sb s6 hang

u WYN=12...Tim diéu kign

nguyén.
Bai 3.3. Cho day (an) biét:

& =1a,,=5, +/kf Bne¥*. mm K

nguyén duong dé moi s6 hang cta diy déu nguyén.
Bai 3.4. Bai toan tong quat 1: Cho @, DEZva day

(@, it
a,=1 a,,=aa, —h/@). 7im K nguyén
duong dé @, E¢ he¥™,
Bai 3.5. Bai toan tong quat 2: Cho céc sb nguyén
a, b, C thoa man: & =b+1. pay (un)
duoc xac dinh nhu sau:

U= 0, Uy = al, + /0B +C*,n¥. Ching

moi s6 hang cua diy déu nguyeén.
Bai 3.6. Chitng minh tn tai dang mot diy (un)

nguyén thoa man:
u=l, u2> 1, =10, ST, +1=U U, V=12,
2.4. Bai toan 4. Chiing minh, phat hién cac diang thirc
vé day 6, s6 chinh phuong va s6 lap phuong.
2.4.1. Vi dy: Cho day (&, ) véi

& =1 & =13 &,,=14,,—4, N¥.

Chirng minh véi moi s6 tu nhién Ilta co:
1) 84 —8nan, +12=0.

2) 482—1 1a s6 chinh phuong. Tir d6 suy ra sb
3
%n —Jva 23n3+1 ciing 1a céc s6 chinh phuong.

3) @, latong cua hai s6 chinh phuong lién tiép va ale

4 hiéu cua hai s6 lap phuong lién tiép.
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Gidi:

1) Cau hoi 1) c6 thé 1am bang phuong phap qui nap
(céc tai liéu déu giai theo cach nay). Nhung van dé dit ra
la: Néu khong yéu cau chirg minh dang thuc trén, ma
hoi cac cau hoi sau thi hoc sinh s& xi 1i nhu thé ndo? Ta
hay huéng din hoc sinh tu xay dung dwoc ding thuc
phan 1), do ciing 1a cach khac dé chimg minh dang thic
nay:

Tur gia thiét dé thay g, 0, Vhe¥ va a, =181.

Nén dang thic:

A2 =140, —0, @_amaf =14
1

Thay [lbéi N—1ta duoc:

At 14—t _ &ty
a A a

& 2,88y, =8 —8, 18,4 Truy hdi biéu

thire trén ta dugc:
2

G O B2 =8 —Bpdy =12=12.
Fa— e t2=0Ve¥.
2) Tur gia thiét d& thdy @, €¢, VNE¥. Theo 1) thi
phuong trinh: a%_ﬂ —an .an+2 +12 :O

<8, —a,.(148,,—a,)+ 12=0
<2, —14a, .8, +a+ 12=0 phai c6 nghiem
X=0,,3 E¢ <A'=4822—12 phai 1a sé chinh
phuong.

Taco o :%.(%%3—1) chinh phuong {43%3—1} la
s6 chinh phuong.

Ta ciing co: (4324):(%_1)(%4&) chinh

phuong.
Dé hai s6 28, —1va 2 +1 chinh phuong thi phai
3

o6 (zaﬂ —J,zanT“j -1
28, +19]

Vay:

biéu nay dung vi (%ﬂ —l %n—kl):lnén
12,4
(&2
Mit khac anzl(n'(]:B)(ch&ng minh quy nap)
=24, +38.

3) Vi 23, —1va 461%3_1 la nhitng s6 chinh phuong
I& nén ta co:
28, ~1=(K+1Y =8, =2 + Kk-+1=k2 Hk+1f.
B L (k+1f =a=3e3kH=(k .

2.4.2. Bai tap tuong ty

Bai 4.1. Cho ddy sb (an)véi

=2 oy =4 H[IE -GN ¥ im 8,
1

va chang minh: B(aZn _|_8) bang tong binh phuong 3

s nguyén lién tiép, VNEX ™

Bai 4.2. Cho day (LL]) biét
U =1 1,=3 Uy =(N+2)U, N+, N=23.. Tim T
dé Uy 1256 chinh phuong.

Bai 4.3. Cho diy sb nguyén (un) voi

=] U=4 Uy, =M — 1, VE¥.

1) Tim sb u6c s6 ty nhién cua sb

MZLEA —LL.UM-

2) Chang minh véi moi sb tu nhién 1 thi s6

A] =1997.4+-4. 7" 14 56 chinh phuong.

()
Lb=3 Ul=17, UnZ%—L{H,VhZZS...Chfrng minh

YN &¥ thi Uﬁ —IN? va thurong 14 s6 chinh phuong.

Bai 4.4, Cho day biét

Bai 4.5. Cho ddy (qq) biét

U =1 U= u,=U,;—A,,, N=3
Lap day (vn) V6i
V, =2"—17E,,N=23...Ching minh moi sb

hang cua day (Vn) a s6 chinh phuong.
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2.5. Bai todn 5. Céc bai toan lién quan dén tinh chat
chia hét va c6 du
25.1. Vi dy: Cho day (U, ) biét:
=1 u=3wv
U+, :n=2K
o ={%l +50 :n=2k+1

Tinh téng S= 2 L. Tim s5 du khi chia S cho 8,
I

wWhe¥

cho 5 va cho 40.
Gidi:
+ Tu gia thiét ta tinh duoc:
Uiz =Upng +9y, _
Upnig =, +8Unn 4
o U Hby
Upnyg =l +Upn g
Khai trién day : o U U
U3 Usa Us .....
1 3
12 123 121 2794
Dodé wp Uy uz Us
Ug Us Us Uz Us
Uo ... lan luot dong du 1 3
0 3 3 2 1

3 0 3 (mod4)
= Day s6 du tudn hoan chu ky 6 (mod4), VN=>2.

Vay:
S=P+3 +333(G +F+F+ 24P +32):1C56652
(Modd) = S=2 (mods).

+ Tuong tu trén ta c6:

{UZ'HZ =Uonaa Flon (1005). Khai trién duoc

Wiy =y,

(un) tuan hoan chu ky 8 (mods), VN=>2, nén

SP2+3 +249(22+32+...+12) =3(mods)

+ Tir hai y trén do (8,5):1 nén ta co =18
(mod40).

2.5.2. Bai tap tuong tu

Bai 5.1. Cho day ([0, ) voi
b =0 b,=14 =18 b,,="M,, &, Vh¥™

Chiing minh néu [J1a s6 nguyén té thi bpM

Bai 5.2. a) Cho hai day (un) va (Vn) xéc dinh nhu

Sau:

U=l =1 Uy, =U,+A}, ;, V=1 2.
Vo =1 V=1, Vb =2, +3, 4, V=1 2.,
Tim U, va V;2
Chirng minh trong 2 day trén chi ¢ 1 hang tir chung,
ngoai ra khdng con hang tir nao chung khac.

Bai 5.3. Cho day (Un) xac dinh nhu sau:

- (2+J3)n —(2—\/3)n
2/3

Wh=012..

Chang minh
U, e¢, =01 2..Tim tit ca cac sé hang cua

day chia hét cho 3.

Bai 5.4. Cho ddy (an) V6i
=19 8,=H8 a,,=a, +a,4-

Tim sé du khi chia S= S ;Sl?cho 8.

Bai 5.5. Cho day (un) nex* voi

U=2 U, =3 +27 97 -3 n=23..

Chuang minh véi mai sé p nguyén t ta co:

3. KET LUAN

Qua mdt s6 bai toan co ban néu trén, s& gép phan gitp
cac em sinh vién rat ra dugc dinh hudéng tu duy va
phuong phéap giai bai toan s6 hoc lién quan dén déy s6
trong céac ki thi Olympic Toan. Véi nhirng danh gia va
bo sung V& Ii luan va phuong phap giai s& gidp sinh vién
cang ¢ vimg hon vé dang toan va giai quyét nhirng bai
toan kho hon. Tuy nhién, bai toan vé day sé la mot chi
dé rat rong nén rat can tiép tuc c6 nghién ctu, tong hop
chuyén sau dén nhitng dang toan thudng gap trong cac
ki thi Olympic Toan cua hoc sinh, sinh vién, dic biét la
nhitng bai toan gitp phat trién nang luc tu duy Toén hoc
cho hoc sinh, sinh vién, gép phan nang cao chat lugng
day hoc mon toan theo hudng tap trung vao phat trién
nang luc nguoi hoc.
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Exploiting arithmetical properties related to numeral mathematical

problems in student olympic exams

Le Thieu Trang, Duong Thi Hong Hai

Article info Abstract

Recieved: The sequence of numbers is one of the subjects in the analytic program of the

2/5/2020 Mathematics Pedagogical University, it is a basic subject in teaching contents for the

'i“glcé%‘go Olympic of Maths students in colleges and universities. The problems of sequence’s
number helps students understand more about the functions, the distribution rules of
numbers, the properties of the infinitely small, infinitely great,... In this article, the

Keywords: author summarizes a number of problems related to the sequence of number to develop

Sequence of numbers,
limit, arithmetics, square
number, student.

students' learning and research capacity.




