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Théng tin bai viét

Tém tit:

Ngay nhan bai: Bai béao trinh bay cac ting dung cta nhi thic Niu-ton trong

28 /3/2021 chuong trinh trung hoc phd thong, cu thé 1 céc bai toan vé
Ngay duyeét dang: riit gon biéu thitc, tim hé s6 ciia khai trién va tim s6 du trong
03/5/2021 phép chia. Day 1a nhitng bai toan van dung v van dung cao,

thudng xuéat hién trong cac ky thi hoc sinh gidi va ki thi t6t
Tw khoa: nghiép trung hoc phd thong qubc gia.

Nhi thic Niu-ton, DPao ham, tich phan, so
du, hé so.

1 GIOI THIEU

Viéc khai trién cac da thitc v6i sé mi cao luon la
van dé khé va duge nhidu ngudi 1am toan, ting dung
toan hoc quan tam. Két qua ctia viéc khai trién da
thitc (a+b)™ duge ching minh béi hai nha toan hoc
dé6 1a: Nha toan hoc va co hoc Isaac Newton dua ra
trong nam 1665; Nha todn hoc James Gregory dua
ra trong nam 1670. Nhi thitc Niu-ton 1a mot cong
cu quan trong trong viéc khai trién céc hing ding
thitc ¢6 s6 mil 1én, dude cac nha toin hoc ciing
nhu ngusi lam toan st dung rong rai dén ngay nay.
N6i dung nhi thitc Niu-ton xuét hién trong chuong
trinh 16p 11 trung hoc phd thong va ciing duge chon
trong phan danh gia & cac ky thi hoc sinh gidi hay
k¥ thi t6t nghiép trung hoc phd thong. Tuy nhién
trong chuong trinh, phan nhj thitc Niu-ton chua

dudc trinh bay mot cach c6 hé théng va chuyén
sau (xem [2, 3, 4]). Ngoai ra nhj thic Niu-ton con
¢6 nhitng ing dung khac ma trong khuon kho bai
bao nay ching toi khong dé cap (xem [5]). Nham
gitp doc gid, cac hoc sinh va gido vién ¢6 mot cach
nhin téng quan vé hé théng bai tap cé tng dung
ctia nhi thitc Niu-ton, ching t6i da danh thoi gian
kh&o sat vd hé théng cdc dang bai tap 1a nhitng
tng dung cta nhi thic Niu-ton trong cac ky thi
hoc sinh gidi 16p 11, 12 va k¥ thi t6t nghiép trung
hoc phé thong qubc gia.

Theo [1] cong thitc khai trién nhi thic Niu-ton
dudc viét dudi hai dang:
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hoac
(a+b)™ = Ca™ + Cra"'b
+C2a" 20 + -+ OB (2)

Tt cac cach viét trén ching t6i dua ra cac tng dung
clia nd trong viéc gidi cac bai toan trong chuong
trinh trung hoc phd thong, cu thé la cac bai toan
trong chuong trinh 16p 11, bdi dudng hoc sinh gidi,
thi t6t nghiép trung hoc phé thong quéc gia.

2 NOI DUNG

2.1 Tinh tong ctia mot biéu thic

Cac bai toan dang tinh tdng ctia mot biéu thiic
dugc giai bing phuong phéap khai trién nhi thic
Niu-ton thuong xuét hien dudi dang téng ctia nhiéu
s6 hang trong do6 cac gia tri timg sd hang c6 su
tham gia clia t6 hop, chung t6i dua ra céc vi du
dé c6 nhitng géc quan sat khac nhau trong timng
bai tap. Vi du dudi day yeu cau tinh téng ctia mot
biéu thiic ma trong dé xudt hién cac t6 hop, dua
vao cong thiic (2) dé nhan thay mdi quan he giita
gia tri t& hop ciia bai ra vi céc hé sb trong khai
trién nhi thtc Niu-ton. Tt d6 dua ra 161 giai thich
hop.

Vi du 2.1. Rit gon biéu thic:

a) A = i1 + Cago1 + Cioor + -+ C031 + Cioai»
b) B = Coyay +2C509; +2°Clpoy +- - - +2220 05015 +

2021 2021
2 02021 .

Giai.

a) Véi biéu thiic da cho, ta thiy A la tdng cac t6
hop chap k cia n phan tt ma khong nhan hé s
kem theo, do d6 thuc hién khai trién:

(14 2)>°%" = Cyp1 + Copn @ + Cppy 2°
s

Thay = = 1 vao déng thitc (3) ta c6

(1+1)*% = 03021 + C021 + C21

+C3051
Nhu vay A = 22021,
b) V6i biéu thitc ¢ cau b) nay, truéc méi t6 hop
chap k clia » phan t& con dugc nhan mot hé s6
kém theo quy luat tang ctia chi sd k. Tuong ting
v6i déng thitc (3) ta thay z = 2 khi do6
(142)* =Cya; + Cag21 + C30212°
o OB,
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Tit d6 ta c6 B = 32021,

Vi du nay nhim lam quen véi cong thiic khai trién
nhi thitc Niu-ton, quan sat quy luat xuét hién ciia
hé s6 va tim céc biéu thic khai trién tuong tng.
Vi du tiép theo ciing yéu cau tinh téng nhung cac
gi4 tri t6 hop khong lien tiép, né xudt hien theo
quy luat chén, 1é ctia timg biéu thrc.

Vi du 2.2 (Dé tuyén sinh DH Y duge TPHCM
2000). Cho n € N* va cic biéu thiic:

+CQn 2
+C2n,
D=Cy, +C3 +C5 4+ C3n3
+ Gt

C=C% +C2 +C3 +

a) Ching minh C' = D,

b) Rt gon C.

Giai.

a) Dé chitng minh C = D cac biéu thitc nay c6 tong
céc chi s6 t6 hgp chiin bing téng chi s6 t6 hgp chap
18, ttc 1a né & hai vé clia mot dang thiic. Dé y dén
két qué clia lity thita (—1)* bing 1 néu k chin va
biang —1 néu k 18, ta tim dén 15i giai dudi day.
Khai trién

=Cy, + Cs,x + C3,0°
4o O, (4)

(1 + x)2n

Thay z = —1 vao ding thiic (4) ta nhan dugc:

+ (_1)kC§n . CQn 2n
hay
+ (_1)kC§n -+ CQ” n

chuyén sang vé trai cac s6 hang c6 sd t& hop chap
k 1é ta dugc

Ca,+C3 +C5 +---+CIn3
+ CZn 1
=CY +C2 +C4 +---+Con2
+C5n

< D=C.

b) Khi rit gon biéu thitc C ta lai thay hinh thiic
nhu biéu thic A trong Vi du 2.1, do d6 thuc hien
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thay z = 1 vao déng thitc (4) ta nhan dudc:

(1+1)** =C9, + C3, + C3, +
+O2n
&2 =C+D

o 0 =921

Ciing xuét hién theo dang chin, 1& ciia cac t6 hgp
nhung trong mdi biéu thic thi c6 ddu dan nhau,
viéc khai trién can duge chon thich hop dé c6 thé
xuat hién biéu thiic can rat gon.

Vi du 2.3. Rit gon biéu thiic:

E = Cgy95 — Ci92 + Cagas — Con2o
+ -+ Cgas — C3033,

F = Cjpaz — C3022 + C022 — Capzo
—C3025 + Cit3s-

Giai.

O bai toan nay lai khong ding céch khai trién
nhu & Vi du 2.2 dudc, theo quy luadt céc biéu
thic E va F thi dau trong ting sb hang dan xen,
téng ciia cac td hop chin va 18 tach roi nhau.
Ta phai tim mdt s6 ma khi lily thira bac chén
hodc 1é thi dugc két qud ddu dan xen, tit nhitng
kién thitc da biét vé sd phic, v6i don vi 4o ¢ thi
R, kL AR RS — L e N

Thuc hién khai trién nhi thic Niu-ton

(1 4 i)2022

I —i
=C3022 + C027 + Cipqi”
R
Khi d6 phan thyc ctia biéu thitc vé phai (5) 1a:
2 4 6
C3022+C5022 — Co00

2020 2022
+ -+ Csp22 — Chpas-

0
C12022 -

Phan 4o ctia biéu thitc vé phai (5) la:

Cao22 — C022 + C022 — Coaz
o o
Mat khac
2022 _ A2 o1
(1+14) = |(1+14) = (2i)
_ 91011 (;2)505 ; _ _o1011;

Phan thyc cta (1 + i)2°2? bang 0, phan 4o cia
(14 §)2022 hing —21011,

Do do
A0 2 4 6
E = C509 — Cp20 + 02022 — Co022
2020 2022
+ -+ Copa3 — Cp3s =
F = Clyoy — Caoy + Cooon — 07
= Ca022 2022 2022 2022
2019 2021 _ _ ol011
+oee 2022 + Co = =27

O vi du dusi day, truéc méi t6 hop con duge nhan
thém mot heé sb, dua vao cac cach tinh dao ham,
tich phan ta tim dudc mdi quan hé clia biéu thic
can rat gon véi biéu thic khai trién.

Vi du 2.4. Rit gon biéu thic

G = ]. 021021 + 2 022021 + 3 C§021
F e 2020 02020 4 2021 02921
1 1
H = 03021 + 5021021 + 5022021

1 2020

1
+ 1023021 +oeet 5001 2022

Giéi.

Céc biéu thitc G va H, truéc mdi to hgp c6 nhan
them mot hé s6, khong phai 1a liiy thita ting
nhu trong dang khai trién (2) ma xuat hién dudi
dang nhan thém gia tri clia s6 mii hoic mau la
gia tri clia sd mii cong thém 1, véi két qua da

/ n—1

biét ciia dao ham (z")" = nzx va nguyén ham

Jamdx = n+1 g+l 4 O, tir d6 ta c6 thé tinh dao
ham va tich phan ctia biéu thitc khai trién dé duge
két qua la cac biéu thitc G, H. Khai trién nhi thic

(1+42)*°% = Cgy + Cap @ + Clop 2
R ®

Dao ham hai vé ctia (6) ta duge

2021(1 + 2)2° = C5q91 + 2050017
+ -+ 2021035037 2200 (7)
Thay « =1 vao (7) ta ¢
2021(1+1)%%" = C309; + 2C5)5,
+ -+ 4202105051, (8)

tit day ta c6 duge G = 202122021,

Dé y dén viec tinh tich phan xac dinh

b b
1 bn+1 _ . n+1
/ 2"dr = "t = z—e .
o n+1 n+1

a

Tu day ta phé’mi chon a,b thich hgp sao cho

n+1 n+1
% = n+1’ dé dang tim dugc a = 0,b = 1.

Lay tich phan hai vé (6) can tit 0 dén 1.

1
/ (1+x)2021 da
0

1
= /o (Coa1 + Cap21 T + C3ogy 77

o O3B 5202 gy, (9)
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Bién ddi biéu thitc vé trai ctia (9) ta c6

1
1 1

1 2021d _ 1 2022’
/0( + ) x 72022( +x) .

_ 1 2022
T 2022 (2 1)

Vé phéi cia (9) la

1
/ (C021 + Cag1 @ + Clggy °
0
bt CEB

1 1
= (Co1 =+ 5021021 ® + §022021 z?
1 1
+ O 220%?)

2022 .
0 L I o
= Cyp01 + 502021 + 502021
1
T T 50 5051 -
. 1 2022
Do d6 H = (2 1)
2022

Mot tng dung khac ctia khai trién nhi thitc Niu-ton
la tinh hé s6 trong khai trién, dya viho cong thiic
khai trién dang (1) dé biét dugc s6 hang tong quat
ctia khai trién, tit d6 tim dudc 18i gidi theo yéu cau

ctia bai toan tuong ing.

2.2 Ung dung nhi thic Niu-ton dé
tinh hé sb trong khai trién biéu
thiac

Vi du dau tién cia muc nay yéu cau tinh gia tri
mot hé s6 cu thé dua vao khai tridn nhi thic Niu-
ton va tinh tong cac hé sd bing cach thay gia tri
vao biéu thitc khai trién.

Vi du 2.5. Cho da thic: P(z) = (162 — 15)°%*" .
Khai trién da thitc d6 dudi dang:

P(z) = ag + a17 + asx® + - - - + agoo122°?. (10)
a) Tinh tdng
S:ao+a1 +a2+...+a2021.
b) Tinh hé sb as.
Giéi.
a) Thay x = 1 vao (10) ta duge

P(l):a0+al+02+"'+a2021<:>1:5'.

Vay S = 1.
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b)
P(z) = (162 — 15)*°*'
2021
= Z 21 (162) 721 7F(—15)".
k=0

Ung v6i he s6 ay thi

2021 —k=2< k=2019
do d6 as =  C20M9162(—15)2019
—162 152019 3019,
Ciing 1a mot bai toan tim hé sb clia khai trién, &
day 1a hé s6 cia mot s6 hang diic biet, n6 khong
con gan véi bién .
Vi du 2.6 (Dé tuyén sinh DHSP Ha Noi
kh6i A 2000). Trong khai thitc

24

(m%+x_%) ,x > 0 hay tim s6 hang khong

trien nhi

phu thudc vao x.

Giai.

Cac biéu thitc khi khai trién déu c6 dang mot he
s6 nhan véi lity thita clia x, theo yéu cau clia bai
toan, s6 hang can tim khong phu thudc vao x, véi
két qua quen thuoc 2° = 1 (véi ¢ # 0) khong phy
thudce vao x, do vay ta chi can tim s6 mi ciia x
trong khai trién va cho gia tri ctia s6 mii d6 bing
0.

bu\ 24
(:U{”/Eer*ﬁ)
24 .
24—k [ _28
= g C, (z /) (a: 15)
k=0
24
= E 054 x%(24_k)_%k.
k=0

Gi4 tri k tng v6i s6 hang khong chita = thda min
4 28
—(24—k)— —k=0< k=10.
3( ) 15

Vay s6 hang khong chita z 1a C3 = 1961 256.

Viec khai trién nhi thdc Niu-ton khi xudt hién
nhiéu hé s6, ma yéu cau tim heé sé c6 gia tri l6n
nhat. Khi d6 ta so sanh céc hé sb6 theo tinh don
diéu ting hodc giam dé tim hé s6 16n nhat.

Vi du 2.7. Cho khai trién

(1+32)* =ag + a17 + agz?

20
+--«+a20:v .

Tim max {ag, a1, - -+ ,a20} .

Giéi.

Néu khai trién biéu thitc trén thi c6 21 gia tri he
sO, viéc tim tat cd cac gia tri d6 va so sanh véi

nhau 1a diéu khong nghi dén khi tiép can 15i giai
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cho bai toan nay. Mot két qui ciia khai trién nhi
thitc Niu-ton 1a cac hé sé duge viét dusi dang tam
giac Pa-xcan, ¢ d6 ta thiy dudc quy luat 1a cac he
s6 dbi xttng nhau, ting dén sd chinh gifta ctia day
hé s6 roi gidm, v6i ¥ tudng nay ta ciing danh gia
theo quy luat ting va giam dé, tuy nhién két qua
gia tri 16n nhat khong phai 1a sé chinh gitta ctia day
vi § day khai trién hé s6 cia « 13 3 chit khong phai
1.

(+3x

Z C%,(3z)*

Cky 3k, :o,m ,20.
Thue hién danh gia

. Do d6 gia tri ax =

ap < ag41
o Ok 38 < ki1 ghl
- 20! < 20! 3
k(20— k)l = (k+ 1)! (19— k)!

Sk+1<3(20—k)

@kg%:u,?a

Nhu vay ar < apy1 < k < 14 nén ta sip xép cac

gia tri a; nhu sau

ag < ap <---<aipg <aps

g0 < a9 < -+ < a1 < A15.

~ 15 915
Vay max {ag, a1, --- a0} = a5 = Cy; 37 =

222 465 454 128.

Viéc tim s6 du ctia mot phép chia thuong sit dung
nhitng s6 rat 16n, ngudi ta thudng ding dén phuong
phéap dong du, mot phuong phap khac 1a st dung
khai trién nhi thitc Niu-ton véi cac hé sb tich hop.

2.3 Ung dung khai trién nhi thic
Niu-ton dé tim sbé du cta phép
chia

Chiing toi dua ra cac vi du vé tim s6 du khi chia
cho 5 hoic lity thita clia 5 (53), ¥ tudng 1a dua vé
khai trién nhi thitc Niu-ton c6 hé sé 1a boi cta 5.
Khi tim s6 du ctia phép chia cho mot s6 khac thi c6
thé bién d6i mot cach tuong tu theo ¥ tudng nay.

Vi du 2.8. Tim s6 du ctia phép chia 22029 cho 5.
Giai.

92020 _ (22)1010 =(1-

1010

Cor0 + k; 05010(*5)16-

1010
5)1010 = kzo 0{6010(_5)]C =

1010
Vi) Cfy(=5)
k=1

cho 5 bing s6 du ctia phép chia CYy;0 = 1 cho 5 va

¥ 5 nen s6 du clia phép chia 22020

bang 1.

Vi du 2.9. Tim s6 du ctia phép chia 112020 cho
125.

2020
112020 — (1 4 10)20%0 Z Cl o 10F
= Co20 + Ca02010 + C39010°
2020
+ Z C2010".
k=3
2020
Ta nhan thay 125 = 5% do d6 Y  Chyy 10% =
k=3
2020
Z 050202k 58 153 va C2)50 102 : 5% neén s du
k=3

ciia phép chia 112920 cho 125 bing s6 du cua

C990 + Canap 10 cho 125 va biang 76.

2.4 Mot s6 bai tap dé nghi

Bai 2.4.1. Rit gon biéu thric

a) CY+2CL +22C2 + .- +2"C",n € N¥

b) 2"C0 4 2"71C 4 2" 202 4. 4+ O n € N¥;
Dép sb: a) 37; b) 3™.

Bai 2.4.2. Rit gon biéu thic

a) C3021 +2C391 +3C309 + - -+2021C5551 , n € N*;
b)  Co001 + 2050212 + 3C5,2> + -+ +
20210202192020 1 € N*,

Dap sb: a) 2021.22021; b) 2021.3202L,

Bai 2.4.3. Rit gon biéu thic

C021 2+ 5C3021 2% + 505091 22 + 1C800, 2 + -+ +
== C3021 22022 n € N*.

Dap s6: %

Bai 2.4.4 (Dé tuyén sinh Hoc vign Canh sat nhan
dan khéi A ndm 2000). Chting minh réing

700 — fcl + C,% - fcf;

(71)”‘ n __ 1 *
T T sy N

Bai 2.4.5 (Dé tuyén sinh dai hoc kh6éi A nam

2003). Tim hé s6 ctia s6 hang chita 2% trong khai
N 1 " P

trien nhi thdc Niu-ton cia (3 —|—\/x5> , biét

x

ring: Ci'f; — Cn 3 = 7(n + 3) (n nguyéen duong,

x> 0).

Dap s6: 495.
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Bai 2.4.6 (D& tuyén sinh dai hoc khéi A nam
2003). Goi aq,az,---

2
trién sau:

,a11 1a cac hé sb trong khai

(z+ 1)z +2) =2 + a12° + a2®
+ -+ an.

Hay tinh hé sb as.
Dap sb: a5 = 672.

Bai 2.4.7 (Dé tuyén sinh DHSP Ha Noi khéi A
2001). Trong khai trién ciia biéu thic (1 + 2z)""
thanh da thic ag + a1z + azz? + - + agx? +
a1or'®, (ar € R) hdy tim hé s6 ap 16n nhét
(0 < k < 10).

5120

19683

Bai 2.4.8 (Dé tuyén sinh dai hoc khéi A nam
2004). Tim hé sb ctia 28 trong khai trién thanh
da thitc ctia [1 + 2%(1 — 2)]5.

Dap s6: 238.

Dap sb a7 =

Bai 2.4.9. Tim s6 du trong cac phép chia
a) 52021 khi chia cho 3.
b) 4292! khi chia cho 27.

Dap s6: a) 2; b) 25.
Bai 2.4.10. Tim s6 du trong cic phép chia

a) 32021 khi chia cho 7.
b) 42921 khi chia cho 49.

Dap s6: a) 5; b) 44.

3 KET LUAN
Nhi thiic Niu-ton la mot cong cu quan trong va co

nhiéu @ng dung, dic biét 14 khi hoc lén cac chuong

trinh cao hon. Viéc ap dung n6é mot cach thanh
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thao va linh hoat 14 mong muén ctia ngusi hoc. Bai
bédo da hé théng lai nhitng dang bai tap thudng
gap vé nhi thitc Niu-ton trong chuong trinh phd
thong. Nhitng ing dung cao hon ctia nhi thitc Niu-
ton chua duge ching t6i dé cap. Cu thé, ching toi
da dua ra dudc cac dang bai tap cing nhu y tudng
dé riat gon mot biéu thiic bing cac phuong phap
khac nhau nhu dung khai trién nhi thic Niu-ton,
két hop khai trién nhi thitc Niu-ton véi dimg dao
ham va tich phan xac dinh. Thém vao dé ching
toi da duwa dugc mot phuong phap tim sd du cla
phép chia ma khong ding dén phuong phap dong
du threc.

REFERENCES

[1] Quynh, D. (2007). Textbook of Algebra and
Analysis 11 (Advanced), Education Publishing

House, Vietnam.

[2] Due, L.H., Ngoc, L.B., Tri, L.H. (2003).
Method
Hanoi Publishing House, Vietnam.

of solving combination problems,

[3] Chinh, P.D., Thuy, V.D., Man. T., Tam,
D., Nhat, L.T. (1996). Maths exam prepara-
tion lessons — volume 3, Education Publishing

House, Vietnam.

[4] Doan, N.H. (2001). Solve math and review
analysis, Education Publishing House, Viet-

nam.

[6] Toufik, M., Matthias, S. (2011). The commu-
tation relation xy = qyx + hf(y) and New-
ton’s binomial formula, The Ramanujan Jour-

nal, Volume 25, issue 3.



