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Toan roi rac 1a mot dang toan khé va c6 vai tro quan trong trong viéc rén luyén
ki ndng giai toan va giai quyét cac van dé trong thuc tién cho sinh vién. Cac bai

toan roi rac dugc coi trong trong chuong trinh mén toan phd thong va dai hoc,

cao dang cta nhiéu nudce trén thé gigi. O nude ta, do nhiu nguyén nhin khac

Tur khoa:

Sinh vién; t6 hop; bai todn
dem; nguyén Ii; qui tac;

roi rac

nhau, dang toan niy con chua dé cap nhiéu trong chuong trinh, chu yéu dugc
b sung cho hoc sinh gioi thi cic doi tuyén toan. Tuy nhién, néu khong nim
duoc mach kién thirc va phan loai dy du, sinh vién trong doi tuyén Olympic
toan ciing lam chua tét dang toan nay. Do vy, viéc trang bi kién thirc tir co ban

dén nang cao gitp cho sinh vién c6 thé giai quyét tot dang toan nay.

L. Mt s6 kién thirc co ban vé t6 hop

1. Qui tic dém

a. Qui téc cong: Mot cong viéc duge thyc hién theo
mot trong K phuongan A4, A, ,..., 4, .

C6 n, cach thuc hi¢gn phuong an Al, n, cach
thuc hién phuong an A2 sy M, CAch thuc hién phuong
an A, . Khi d6 ¢6 n +n, +...+n, cach thyc hién
mot trong cac phuong an trén.

Quan diém tap hop: Néu tap hop hitu han X 1
hop cta 7 tép hop d6i mot roi nhau X, X,,..., X,
thi | X| = | X | +] X5 |+ ...+ | X,

(| X| 12 56 phin tir cua tap hop X)),

Vidul: Tutap X = {a,b,c} , 13p duoc bao nhiéu
$6 tu nhién, mdi $6 ¢6 céc chit s6 khac nhau?

Giai: Lap phuong an dém: Bém loai c6 1 chit so,
loai ¢6 2 chit s0 va loai ¢6 3 chir sO.

X latap hop loai c6 1 chit s6

12

= X,={a, b, c}:>‘XJ=3.

X, latap hop loai c6 2 chit s

Vay co tht ci: | Xy| +] X5 | +|X3|=3+6+6=15 56
thoa man bai toan.

b. Qui téc nhan: Mot cong viée dugce thuc hién bao
gdm Kk congdoan 4, A,,..., A .

Cong doan A, c6 n, cach thyc hién; Mdi cach
thyc hién cong doan A, c¢6 co n, cach thyc hién cong
doan A2§ .....; M&i cach thuc hién cong doan Al,
A, ..., A;_; ¢b n, cach thyc hién cong doan A .
Khi d6 cong vige dugc thuc hién béi n,.n,...n, cach.

Quan diém tap hop: Néu X, X,,..., X, 1a cac
tap hop hiru han thi:
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Xy x Xy xx X, | =X || X | X
(X|x X, x..x X, latichDé céc cta n tap hop).
Vi du 2: Mot chiéc cip s6, mi khoa 1a mot bd 3 sb
két hop cta 3 vong sé, mbi vong gém 10 sb: 0,1,...,9.
Mot ngudi quén ma khoa, hoi ngudi d6 phai thir nhidu
nhét bao nhiéu ma khoa thi méi ¢ thé mé duge cap sd
do?

Giai: Goi tap X={0,123,4,56789 =

|X| =10. M6t mé khoa c6 dang abc , vi a, b, ¢ déu co

10 lva chon tu X , nén s6 ma khoa la:
| X x X x X|=|X|.|X||X| =10’ =1000.

Viy ngudi d6 phai thir toi da 1000 mi khoa méi co
thé mo chiée cap sb do.

2. Mt s6 khai niém va cong thirc t6 hop thudong
dung

a. Hodn vi khéng Igp: Cho tap hop X ¢6 n phan
tir (n > 1), mdi cach xép thir tw »# phan tir d6 ta duoc
mdt hoan vi (khong 13p) céc phan tir clia tap X.

S6 chc hoan vi khong lip cua tap hop X la:
P, =n!

Vi du 3: Co6 8 hoc sinh, trong d6 gém 4 nam va 4
nit. C6 bao nhiéu cach xép 8 hoc sinh d6 vao hai chiéc
ban, mdi ban ¢ 4 chd ngdi trong hai trudng hop:

a) Cac hoc sinh dugc xép tuy ¥; b) Hoc sinh nam
mdt ban va hoc sinh nir ngéi mot ban.

Giai: a) Néu céac hoc sinh dwoc xép tuy y: D6 chinh
12 s6 cac hoan vicua 8 phﬁn tr, nén co:

P, = 8!=40320 cach xép.

b) Xép 4 hoc sinh nam vao mét ban, 4 hoc sinh nir
vao ban con lai. Mdi cach xép mot ban déu 1a hoan vi
cua 4 phén tr, sau d6 dao thir tu 2 ban, nén s6 cach xép
la: 2.41.4!1=1152.

b. Hodn vi lgp: Cho tap hop X ¢o n phan tu
(n>1), mbi cach xép thir tu 72 phan tir, trong d6 phan
t 7, 1p lai k, lan, phan ti 1, ldp lai &, lan,...,
phan  t n p lap lai k » lan, voi
kl +k2 +...+kp =7, goi 1a mt hoan vi ldp cia

n phan tir cia X.

S6 cac hoan vi lip cia tap hop X I
n!
P=—
by Vey k!

Vi du 4: Tir chit BENZEN , ¢6 thé 1ap dugc bao
nhiéu tir khac nhau?
Giai: C6 6 mau tu, duoc xép vao 6 vi tri, trong d6
chit E va N déu duoc lip lai 2 lan, nén s céac tir khac
6!
212!

nhau la: =180-

c. Hodn vi vong tron ciia cdc phan ti phén biét
Cho tap hop X ¢6 n phén tu (n>1), mdi cach
xép n phﬁn tor d6 trén mot duong tron ta dugc mot

hoén vi tron ctia 71 phan tir ciia X.
e U
S0 hoéan vi tron ctia n phan tir 1a : —=(n—1)!
n

Vi du 5: C6 6 ngudi ng6i hop trén mdt ban tron,
trong d6 c6 cit mot nguoi dieu hanh. Héi c6 bao nhiéu
cach xép chd ngodi khac nhau?

Gidi: Tru vi tri cua nguoi di€u hanh, con 5 ngudi

dugc x€p vao 5 vi tri con lai. Vi co6 thé ctr bat ki ai lam

\ . . P
ngudi dicu hanh, nén so cach xép la: Zs =51=120.

d. Chinh hop khéng Igp: Cho tap hop X c6 n
(nZl) phin tir, mdi cach xép thir tv k phan tir
(1 <k< }’l) , goi 1a mdt chinh hop (khong 13p) chap
k cia n phantrcoa X .

S céc chinh hop khong lap chép k cua n phan tir

n!

cia X 1a: AF = —
" (n—k)!

Vi du 6: Tir 10 diém phén biét, c6 thé 1ap dugc bao
nhiéu vecto khac vecto-khong?

Giai: Ctr hai diém phan biét, ching han A, B ta
1ap duoc hai vecto khac vecto-khong la AB va BA R
10!

— " —9(vecto khac
(10-2)!

do d6 co tat ca: A120 =

vecto-khong.
e. Chinh hop lip: Cho tap hop X c¢6 n phan tur
(n>1), mdi cach xép thirty k phan i (1< k <n),

trong do mdi phﬁn ttr c6 thé 1ap lai hitu han lén, goi la

13
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mét chinh hop 13p chap k ciia n# phan tr cia X . S&
céc chinh hop lip chap k ciia 7 phin tr cua X 1a

Ar = n*.

Vidu7: Titip X ={0,1,2,3,4,5,6} . Lap duoc
bao nhiéu s6 ty nhién, mdi s6 gdm 3 chir s6?
Giai: Goi s can tim1a abc . Vi a #0,nénaco 6

cach chon, con b va ¢ déu duoc chon tur 7 s6 da cho.
Vay sb cac s6 thoa man 1a: 6.72=294.

e. T hop khong I3p: Cho tap hop X ¢6 n phan tir
(n > 1), mdi tap con k phén tur (1 <k< I’l) goi 1a
mot t hop (khong ldp) chap & ciia n phin tir cua X.
S6 cac td hop khong lap chap K ctia n phén tir cia
n!
(n—k)lk!

Vi du 8: Mot dé thi td hop 30 cau gém: 10 cau
Toan, 10 cau Ly va 10 cau Hoa. Trong do 10 cau Toan

X la: C,i(:

liy trong ngan hang dé c6 50 cau, 10 ciu Ly liy trong
ngan hang dé c6 40 cau, 10 cau Hoa ldy trong ngin
hang dé c6 30 cau. Hoi c6 bao nhiéu cach lap mot dé thi
nhu thé?
Giai: Sb

10 ~10 ~10
Cs0-Ca0-Co -

caic d¢ thi thanh lap dugc li:

f. Té hop Ilip: Cho tap hop X co n phin tir
(nZl), mdi tdp con K phin tu (1 <k< I’l), mbi
phﬁn tir c6 thé lap lai hitu han lan, goi 1a mot t6 hop lap

chap k cia n phantrcoa X .

S t6 hop lap chap & cua tap hop X 1 C;l:+k—1 .

3. Nguyén ly bu trir

Ki hiéu | X|1a s6 phin tir (hay Iyc lugng) cia tap
hop hitu han X, gia se X, 1<i<n la cic tap
htru han thi ta co:

L.JXt‘:ZPq

i=1

n
a. Néu ﬂXi = thi:
i=1

n
b.Néu ﬂXi +
i=1

thi:

14

- Z |anXJ‘

1€i<j<n

Ux|-Sx

D T P PR

1<i< j<k<n

Vi du 10: Mot 16p c¢6 50 hoc sinh, trong d6 c6 15
hoc sinh ¢6 hoc lyc gidi, 20 hoc sinh c6 hanh kiém t6t
va 12 hoc sinh c6 ca hoc lyc gioi va hanh kiém tbt. Hoi
c6 bao nhi€u hoc sinh cta 16p vira khong dat hoc luc
gioi vira khong dat hanh kiém t6t?

Giai:

Goi 4 1a tap hop hoc sinh cia lop = | 4] =50;

G 1a tap hop hoc sinh dat hoc luc gioi = |G|215;

T 1a tap hop hoc sinh dat hanh kiém t&t = |7|=20.

Goi B 1a tap hop hoc sinh cua 16p vira khong dat
hoc luc gioi vira khong dat hanh kiém tot. Tir gia thiét
= |G N T|=12. Néu goi B 1a tap hop céc hoc sinh
vira khong dat hoc lyc gidi vira khong dat hanh kiém
tdt, thi:

|4|=|B|+|GUT| < 50 =|B|+|G|+|T|-|G N T|
< 50=|B|+15+20-12

= | B| =50-(15+20-12)=27.

Vay $6 hoc sinh vira khong dat hoc luc gidi vira
khéng dat hanh kiém tdt 1a 27 hoc sinh.

4. Sir dung phuwong phap 4nh xa

Cung véi tap hop, anh xa 12 mét khai niém rat quan
trong va rt co ban cua toan hoc. N6 c6 mét trong tAt ca
cac linh vuc toan hoc. Khai niém anh xa chinh 1a sy mé
rong ty nhién cua khai niém s6 hoc. Ta nhic lai mot sd
khai niém co ban:

a. Dinh nghia: Mot anh xa f tir tap X dén tap
Y 12 mot quy tic dat twong Gmg mdi phan tir X cua
X vei mot va chi mot ph?m tor ) cua Y.

Phan tir )V dugc goi la anh ciia X qua 4nh xa f’
va dugc ki higu 1a Y= f(x). Tap X duoc goi la tap
ngudn (hay tap xac dinh) ciia f . Tap Y duoc goi la
tap dich (hay tap gia tri) ciia f .
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Anh xa f tr X d&n Y dwoc ki hidu la:

fX->Y

x> y=f(x).

-Khi X vaY 1a tap con cua tap $6 thuc, anh xa
f duogc goi 1a mot ham s6 xac dinh trén X.

-Cho a€ X;yeY . Néu f(a)=y thitanoi
Y laanhciaavaa latao anhcia ) quaanhxa f .
M3i phin tir a cia X déu c6 mot anh duy nhit (la
phan tir f(a)). Mbi phan tir Y cua Y ¢6 thé co mot

hodc nhiéu tao anh va ciling c6 th¢ khong co tao anh
nao.

tp f(X)={yeY|IreX,y=/(x)
goi 1a tp anh ctia f . Noi cach khac, tap anh (X))
13 tap tAt ca cac phan tur cia Y ma c6 tao anh.

b. Phén logi anh xq

+ Pon énh: Anh xa f : X — Y duoc goi 1a don
aeX,beY m
f(a) # f(b), tic 1a hai phan tir phan biét s& ¢6 hai
anh phan biét.

anh néu voi a#b th

f la don anh < voi aeX,beY ma
f(la)=f(b)= a=b.

+ Toan anh: Anh xa f : X — Y duoc goi 1a toan
anh néu voi mdi phan tr Y € ¥ déu ton tai mot phan
tt X € X saocho f(x)=1y.

f latoananh <Y = f(X).

+Song 4nh: Anhxa f : X — Y duoc goi 1 song
anh néu n6 vira 1a don 4nh vira 13 toan anh.

f lasong énh < Véimdi y €Y, ton tai duy
nhat mot phantr X € X dé f(x)=y.

+ Anh xa nguoc cua mot song 4anh: Cho
f:X > Y la mot song anh. Khi do, véi mdi
y €Y, ton tai duy nhit mot phin ti x € X dé
f(x) =y . Phan t& duy nhit X € X nay duoc goi
1a anh cda phﬁn tr qua anh xa nguoc cua f . Nhu vay
ta co dinh nghia: Anh xa nguoc cua f , duoc ki hiéu

boi f ', la 4nh xa tir Y dén X gan cho mdi phin tir

y €Y phan tr duy nhit x€ X & f(x)=y.
Nhuvay: f'(y)=x< f(x)=y.

+ Anh xa tich: Cho & 1a anh xa tir tap A dén tap
B va f 1aanh xa tr tip B dén tip C . Néu
gla)e B véiméi ae A (tacla g(A)c B)
thi ta c6 thé xac dinh mot 4nh xa tr 4 dén C theo
quy téc sau: Dat tvong Gng mdi phan tr @ € A véi
phan tr f(g(a)) € C . Anh xa nay dugc goi 1a anh
xahop cliadnhxa f vaanhxa g, kihiu fog.

Nhu viy ta c6: Néu g:A—>B wva
f:B—>C va g(A)c B thi anh xa hop
fog:4—>C
(feg)a)=f(g(a)).

+ Anh xa hang: Cho anh xa f: X — Y , néu

duoc Xac dinh boi:

médi x € X : y= f(X)=c goila anh xa hing.

+ Anh xa dong nhat: Cho anh xa f: X — Y ,
nfumdi x€ X: y=f(x)=Xx goi la 4nh xa
ddng nhét.

* St dung 4nh xa vao phép dém: Qua phép song
4nh, ta hoan toan c6 thé udc luong ) phé“m tir cia mot
tap hop A nao d6 thong qua mét tip hop B ma ta biét sb
phén tir ctia n6 nhd mot phép twong tng gitra A va B.

Dinh li: Cho A va B 1 hai tip hop hitu han: Néu c6
mot don anh f : 4 — B thi ‘A‘ < ‘B‘;Néu c6 mot
toan anh f : 4 — B thi ‘A‘Z‘B‘; Néu c6 mot
song anh: f : A — B thi |A| = |B|

Vidu 11: C6 mdt nhom ngudi ma trong d6 mdi cap
khoéng quen nhau cé dung hai nguoi quen chung, con
mdi cip quen nhau thi khong c6 ngudi quen chung.
Chimg minh s6 nguoi quen ciia mdi ngudi 1a nhu nhau.

Giai:

-Néu a quen b va tap cic ngudi quen cia @ va
b (khong ké a, b) lan lugt 1a A va B. Mdi nguoi
a' thuoc A s& quen véi mot ngudi duy nhit thuoe B
(do a'vab khéng quen nhau, hon nita ho da c6 mot
ngudi quen chung 1a @ ). Tuong tu mdi nguoi thuoe B

cling quen v6i duy nhit mot nguoi thude A. Vay ton

15
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tai mot song anh di tir 4 t6i B, tic @ va b c6 sb
ngudi quen béng nhau.

-Néu a khong quen b thitdntai ¢ quenca a va
b. Do d6 sé nguoi quen cia @ va b bing nhau do
cling bang s6 ngudi quen ciia ¢ (suy ra tir trén).

I1 . Bai tap ing dung

Dang 1: cac bai toan dém co ban

Bai
X = {0;1;2;3;4;5;6;7;8;9} , 1ap céc sb tu nhién thoa

toan I Tr tip con cua tép

man nhiing diéu kién dat ra.

Bai mau 1: Cho tap X ={0;1;2;3;4;5;6;7;8;9}.

1) Tir X 1ap duoc bao nhiéu sb ty nhién, mdi sb ¢6
4 chir s6?

2) Tu X lap duoc bao nhi€u ) tu nhién chin, mbi
s6 ¢ 5 chir s6 khac nhau?

3) Tir X 1ap dwoc bao nhiéu sb ty nhién khong 16n
hon 5789, mdi s6 c6 4 chir s khac nhau?

4) Tr X lap dugc bao nhiéu sé tu nhién chia hét
cho 3, mdi sb c¢6 3 chit s6 khac nhau?

5) Tt X lap duge bao nhiéu sb tu nhién mdi sd
gém 15 chir sé, trong do: s6 1 ¢o mat hai lﬁn, $6 2 ¢
mit 3 1an, s6 9 c6 mit 3 1an, mbi s6 khac c6 mat mot
1an?

6) T X \{0;9} 1ap duoc bao nhiéu sb tw nhién,
mdi sb co 8 chit sb khac nhau? Tinh tdng cac sb tim
duoc?

7) Tir X 1ap dugc bao nhiéu s6 tw nhién, mdi s6 ¢6
6 chir s6 khac nhau? Tinh téng cac s6 tim dugc?

8) T X \ {0} lap dwoc bao nhiéu sé ty nhién,
mdi s c6 7 chir s6 khac nhau, s6 1 va 2 khong dimg
canh nhau?

Giai:

1) + Cach 1: Goi n(x) 1a s6 cach chon x. Gia st

s6 can tim 1a abed |, trong d6 a #0, b, ¢, d lay
ae X\{O} nén
n(b)=n(c)=n(d)=10.

wr X. Wi n(a)=9;

Vay c6 tit ca: 9.10° = 9000 sé théa min bai toan.
+ Céach 2: Mbi s a, b, ¢, d déu c6 10 cach

chon, ké ca a =0, nén ¢ 104 s6 nhu thé

16

Xét truong hop a =0, c6 mot cach chon ¢, mdi
s6 b, ¢, d d&u co 10 cach chon, nén c6 103 cach
chon b, ¢, d . Vay co tht ca: 104-103=9000 s6 4-

10410 s6 théa man bai toan.

2) Goi s6 can tim la abcde, trong d6
az0,b,c,d, eliytr X.

Néue=0 =

n(e)=1; n(a)=9,n(b)=8,n(c) =7,n(d) =6.

Vay truong hop ndy cé: 1.9.8.7.6= 3024 s thoa
man.

-Néu e €{2;4;6;8} =n(e)=4.Do a € X \{0}
nén n(a)=8,n(b)=8,n(c)="7,n(d)=06.

Vay trudng hop nay co: 4.8.8.7.6= 10752 sb thoa
man.

Do d6 c6 tat ca: 3024+10752= 13776 s6 thoa min
bai toan.

3) Cach 1: Bém tryc tiép: Goi sb can tim 1a abced ,
trongdo a #0, b, ¢, d laywr X .

- Néu ae{l;2;3;4} = n(a)=4, ti b,c,d
tuyy = n(b)=9,n(c)=8,n(d)="17.

Trudng hop nay c6: 4.9.8.7=2018 sb thoa man.

-Néua=5 = n(a) =1,

be{0;1;2;3;4;6} = n(b) =6, thi ¢,d ty y=
n(c)=8,n(d)=1.

Truong hop nay c6: 1.6.8.7=336 s6 théa man.

- Néu a=5, b=7 = n(a)=n(b)=1,
ce{0;1;2;3;4;6} = n(c) =6, n(d)=17.

Truong hop nay co: 1.1.6.7=42 s6 théa man.

- Néu a=5, b=7, c=8 thi
d=9= n(a) =n(b) =n(c)=n(d)=1. Truong hop
ndy 6 1 s6 thoa man.

Vay c6 tat ca: 2018+336+42+1= 2397 s6 thoa man
bai toan.

Cach 2: Dung nguyén li loai trir: Dém s6 ¢6 bon chi
s0 khac nhau lay tr X, trir cac sO khong thoa man.

4) Ta co:  0;3;6,9=0(mod3) (D
1;4;7 =1(mod3) (D)
2;5;8=2(mod3) (IID)
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Céc bo ba s6 c6 téng chia hét cho 3 dugc thanh lap
nhu sau: Trong nhém (I) ¢6 C : =4 bQ; Trong nhém (1)
c6 1 b; Trong nhom (III) c6 1 b; Két hop ba nhom cé:
43.3=36bo

Viy c6 tit ca 42 bo ba s6 ¢6 tong chia hét cho 3.
Trong d6:

C6 12 bo chira s6 0 = S& cac s6 lap duoc tir cac bd
nay 1a: 12( P — P, ) =48 s0.

C6 30 bd khong chira s6 0 = Sb céc sb lap dwoc tir
céc bo ndy la: 30.P, = 180 sb.

Viy c0 tat ca: 48+180=228 s6 thoa min bai toan.

Chii y: Bai toan nay da s6 cac sach huéng dan déu
lam theo cach 1ap cac bo ba s6 ¢6 tong chia hét cho 3.
Cach nay rat dai va d& sai sot. Néu lam theo ddng du
nhu trén s& don gian va hiéu qua hon. C6 thé ap dung
cho céc bai toan tuong tu.

5) Xét mot s6 thoa min bai toan, chéng han:
110222345678999 .

- Néu tinh ca sb 0 ding dau thi day 1a hoan vi cua

15 chir s6, trong d6 s6 1 1ap 2 1an, s6 2 va s6 9 1ap 3 lan

= sb cacsbdola: _Hs
213131
- Xét sb 0 dimg dau, thi day 1a hoan vi ciia 14 chit

sé, trong do $6 1 lap 2 lﬁn, s62vasd9 lap 3 lan = sb

céc s do la; _Da Vay s6 cac s6 thoa min bai toan
213131
1 _Hs . R,
213131 213131

6) SO cac s6 can tim 1a s6 hoan vi cua 8 sb cua
X\{0;9} bang P, =8!.

bé tinh téng S céc s6 tim duoc, ta phan tich theo
hai cach sau:

Cach 1: Dung tinh chét ctia hoan vi lién tuc tir 1 dén 8:

Mbi sb x trong cac s6 tim dugc, ludn ton tai duy
nhat so x’ trong cac so d6 ma:

x+x’=99999999 (ching han x =12345678 thi
x’=87654321).

Co titca 1 cap (x; X ') nhu vay. Do d6 tong cin
2

tim la: § = 99999999.%.

Cach 2: Goi sb can tim la a,0,00,0506070g »

trong d6 a; eX\{O;9},i=1,8.

Ta co:

a0,a50,a5a50070y =
@107 +a,.10° + a5.10° + a,.10* + a5.10° + a4.10% + a;.10 + ag

M3i s6 a,, i = 1,8 déu xuat hién & mdi hang p, lan
(bé’mg s6 hoan vi 7 phé“m tur con lai).

Do d6 §=Fy.(1+2+..+8).(107 +10°+..+10+1).

7) Ap dung cach 2 & y 6. Goi s6 can tim la
410,030,050, , trong 46 q; € X \{0;9},i=1,6-

Ta co:

4105 830,0506 = 0,.10° +ay.10* + a5, 10° + 2,102 + ;.10 + a.

Mi sb a,, i=1,6 déu xudt hién & mdi hang 43
lan (béng s6 sép xép 5 phan tir 1y tir 8 phan tir con lai
vao 5 vi tri). Do d6:

S = 4. (142+...+8).(10° +10* + . +10+1).

8) Ta ding nguyén li loai trir: S6 cac s6 ¢6 7 chit s6
khéc nhau 14p tur X\{O} la A;

Xét cac sb khong thoa man bai toan, chéng han:
12abcde . Hai s6 1, 2 hodc 2, 1 dimg canh nhau, c6 6
vi tri nhu vay. Mdi vi tri nhu thé, con 5 vi tri duge lay

tir 5 trong 7 s6 con lai, s6 cac sb dé 1a A75 . Vay co tat

cd: 2.5.45 =25200 s thoa man.

Vay sb cac s6 can tim 1a: A97 - 2,5,A75 =156240.

Bai mdu 2: Cho tam giac ABC. Xét 3 duong thing
song song AB, 4 dudng thing song song BC, 5 duong
thang song song CA. Hoi cac dudng thing nay tao
thanh:

1) Bao nhiéu tam giac?

2) Bao nhi€u hinh thang (khong phai hinh binh
hanh)?

3) Bao nhiéu hinh binh hanh?

17
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(0] (Iny

(1

Giai: Goi cac dudng thing song song AB 14 loai (I);
Céc duong thing song song BC 14 loai (IT); Cac dudng
thing song song CA 12 loai (III).

1) Mdi duong thing loai (I) cit mot duong thing
loai (IT), két hop v&i mot duong thang loai (IIT) tao nén
mot tam giac. Khi trao ddi dinh va day thi cac tam giac
tring nhau.

Vay $6 tam giac tao thanh la: C31,Cj‘,C51 =60.

2) Cr hai duong thing cta loai (I) két hop mot
duong loai (II) va mét duong loai (III), tao nén mot
hinh thang (khong phéi hinh binh hanh). C6 3 truong
hop nhu vy & mdi dinh tam giac. Do d6 s6 hinh thang
tao thanh la:

C;.Cy.C5+C;.Cy.Ch+C2.Cy.C3 =270

3) Ctr hai duong thing loai (I) két hop hai dudng
théng loai (IT) tao nén mot hinh binh hanh.

Co 3 trudng hop nhu vay. Do d6 s6 hinh binh hanh
1a: C.C7 +C;.C2 +C2.C5 =108.

* Téng quat bai toan khi c6 m, n, p duong thing lan
lwot song song AB, BC, CA.

Dang 2: Cic bii todn dém néing cao

Bai todn 2: Mot tap hop ¢6 m phan tir, cac phan tir
cua no6 co nhiing tinh chét riéng biét hodc chung mot $6
tinh chit ndo d6. Tim s phin tir c6 chung nhiing tinh
chit theo yéu cau dit ra.

<A

HOA

LY
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Bai méu 1: Mot 16p c6 40 hoc sinh, trong d6 c6 20
em gidi Toan, 21 em gidi Li, 22 em gidi Hoa; 8 em giodi
Toan va Hod, 11 em gidi Li va Hod, 5 em gioi ca ba
mon. Biét rang moi hoc sinh trong 16p gidi it nhat mot
mon. Tim s6 hoc sinh gidi ca hai moén Toan va Ly.

Giai:

Cach 1: Biéu dién so d6 Ven:

Dung so dd Ven, biéu dién phan tir cac tap hop

theo gia thiét, ta thay s6 hoc sinh vir gioi Toan, vira
gioi Lila 9 hoc sinh.

Céch 2: Dung nguyén li bu tri: Goi L, H, T lan
luot tap hop cac hoc sinh gioi Toan, Ly, Hoa.

Gia thiét cho: 7] =20; H \ =22;

L|=21;

T NH|=8;

LNH|=11;

TNLNH|=5;
7O LU H|=40.Taphaitim [T~ L|.

Ta c6:

T O LOH|=|T|+|L|+|H|-|T N L]
—|[TnH|-|[LAnH|+TNLNH|

Hay 40=20+21+22-

T~ L I-8-11+5 2\T0L\

=20+21+22-8-11+5- 40=9

Vay c6 9 hoc sinh gidi ca hai mén Toan va Ly.

Bai médu 2: Cho tap A gdbm 16 s6 nguyén duong du
tién. Hay tim s6 nguyén duong k& nho nht c6 tinh chat:
Trong mdi tap con c¢6 k phin tir cia 4 déu ton tai hai
s6 phén biét a,b saocho 4* +p* 1a s6 nguyén to.

Giai: Gia st k 1a sb nguyén dwong sao cho trong
mdi tip con c6 k phan tir cia tap 4 déu ton tai hai s6
phan biét 4 p sao cho 4* + 5> la s6 nguyén t6. Ta xét
tap T gOm céc sO chin thude tap A .

Khi 6 |7|=8 va véi moi a,pe T, taco a” +b° la
hopsé =k >9.

Xét cc cap sb sau:

A=(1;2)U(3:4)U(516) U(6;15) U(7;12) U (8;13)U(%10) U(1114)

Xét T 1a mot tAp con cia 4 va |T| =9, khi d6 theo
nguyén li Dirichlet, T s& chua it nhét mdt cdp ndi trén,
hay noi cach khac trong 7" ludn ton tai hai s6 phan biét
a,b sao cho g* +p*la s6 nguyén t6. Vay s6 & nho nhat

cAn tim 14 £=9.

Ta thiy tong binh p
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Chi y: 1) Vi gia thiét a° +b* 1a s6 nguyén t6 nén
a’ +b’ khong thé 14 s6 chdn hay 4,5 phai khic tinh
chin, 1é. Dya vao d6 ta xay dung dugc tap T .

2) Bé tim dugc sy phan hoach tap 4 thanh hop
cua 8 cap roi nhau nhu trén ta lam nhu sau: Ta liét ké
tAt ca céac sb a; € A4,i=1,16 sao cho ;2 +ai2,(i :ﬁ)
1a s6 nguyén t5. Tt d6 ta co dugc su phan hoach trén,
su phéan hoach trén khong phai la duy nhat.

Bai méu 3: C6 bao nhidu sb tu nhién khic nhau
khong vuot qua 1000 1a béi cua 10, 15, 35, 55.

bat:

S ={1Sn$1000,n§10}; S, ={1Sn$1000,n§15}

S, = {1 <n< 1000,n§35} ; S, ={1 <n< 1000,n§55}

{5

SA:{@]—IS

Khi do:

o5

5[1000}2&
35

55

Ta co:
SN, { n<1000,7:10 va n 15} {1< <1000, }1:30}
S$ NS, = { n<1000,n:10 va n: 35} {] n <1000, n: 70}
§n§, { 1000,7:10 v n: 55} {l SlOOO,n:]lO}
§,NS, ={ <1000,7:15 va n: 35} {1 SlOOO,nflOS}
8, NS, ={1<n<1000,:15 v n:55} = {1 < n <1000,n:165}
§,N8, { <1000,7:35 vd n: 55} {1 <n21000,nf385}

Vi vay:
15,8,/ = {'Oﬂ 3 15 ms\{@] 14; |5, A8, = [—Oﬂ 5
s, mS\{@}-% |Szqul={%}m {130;’;’]

Mat khac:
8.8, NS, 1000,1:330}

={l£r7£]000,f?5210} MataME {lé
<n

<1
8,08, NS, = {1<n <1000,7:770}; 5, NS, NS, = {1 <n<1000,2:1155}

Nén:
\S,mslmss\—[%} IS, " S, NS, p[’g’ﬂ
15, A5, mS‘_[ooo]:l; [1000]
770 1155

Do:

5,NS, NS, NS, ={1<n<1000,7:2310} =

1S,NS, NS, NS,|= [2(3)??)}:0

Vay:
4
Jjus,usus|=Ys- ¥ Is,
=l 1<icj<d

=(100+66+28+18)-(33+14+9+9+6+2)+(443+1+0)-0=147.

T BnsnsFEns.nsns,|
i< jek<d

Dang 3: Cac bai toan dém sir dung phwong phap
anh xa

Bi todn 3: Xay dyng 4anh xa dé dém s phan tir
mot tap hop hitu han.

Bai méu 1: Trong cac xau nhi phan c6 46 dai n,
goi @, 14 sb cac xau khong chira 3 s6 lién tiép 0, 1, 0 va
b, 1a s6 cac xau khong chira 4 s6 lién tiép 0,0,1,1 hodc
1,1,0,0. Chtrng minh ring b. =2a,.

Giai:

Ta goi mot x4u thudc loai 4 néu né khong chira 3
s6 lién tiép 0, 1, 0.

Mot xau thudc loai B néu nod khong chura 4 ) hang
lién tiép 0, 0, 1, 1 hodc 1, 1, 0, 0.

Vé6i moi xau X:(xl,xzj,,,,xn), ta x4y dung

FX)=(35 V550515 ¥,,, ) Dhur sau:
»=0y, =x +x,+...+x,_,(mod2),Vke{2,3,...n+1}

Khi d6 X chira 3 s6 lién tiép 0, 1, 0 = 7y chia 4
s6 hang lién tiép 0, 0, 1, 1 hodc 1, 1,0, 0. Hay X thudc
loai 4= £(X) thudc loai B,

Vay £ 1a mét song anh di tir tdp cdc x4u loai A do6
dai n dén tap cac xau loai B d¢ dai n+1 ma bit dau
béng 0.

Nhung tir mdi xau X thudc loai B ta nhan dugc
mot xdu X ciing thudc loai B béng cach ddi cac phé“m
tir cia X theo quy tic 1 — 0, 0 — 1 nén s cac xéu
loai B @0 dai n+1 gép ddi sb cac xau loai B do dai
n+1 ma bat dau bang sb 0. Tir d6 ta c6 diéu phai
chirng minh.

Bai miu 2: Goi M 1a sb cac s6 nguyén duong viét
trong hé thap phan c6 27 chit sb, trong d6 ¢6 n chit sb
1 va n chit s6 2. Goi N 1a sb tat ca cac sb viét trong hé
thap phén c¢6 n chit $0, trong do chi co cac chir s6 1,2,
3, 4 va sb chit s6 1 bang sb chit s 2.

Chirng minh ré“lng M=N=C, .
Gidi: Taco M =C, . Tachingminh M =N .

V6i mdi s6 ¢6 M chit s6 gdm cac chir sb 1,2, 3,4 va
s6 chir s6 1 bang s6 chit sb 2, ta “nhan d6i” thanh s6 co
21 chit s theo quy téc sau:
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Pau tién, hai phién ban cua $6 nay duoc viét ké
nhau thanh s6 c6 hai chit s6

Sau d6 cac chit s6 3 ¢ n chir sb dau va cac chir s6 4
& n chir s sau duoc dbi thanh chit s6 1, cac chir 636
n chit s6 sau va cac chit s6 4 ¢ n chit s6 dau dugc doi
thanh chi s6 2.

Vi du:

1234142—12341421234142—12121221221112.

Nhu thé, ta thu dugc mot sd co dang n chir s6 1 va
n chit s6 2.

R& rang day 1a mot don anh tir tap cac s& 7 chit s6
sang tap cac s6 2n chit s.

Dé chimg minh dy l1a mot song anh, ta xdy dung
4nh xa nguoc nhu sau: v6i mdi sd ¢o n chit s6 1 va n
chit sb 2, ta cit n chir s6 diu va n chir sé cudi roi cong
chung theo cot voi quy tic: 1+1=1, 2+2=2, 142=3,
2+1=4, va ta thu dugc mot s6 c6 n chit sb gdm cac chir
s6 1,2, 3, 4 voi sb chir s6 1 béng s6 céc sb 2. Chéng
han:

1212122
12121221221112 = 5511 1o — 1234142

1234142

Nhur thé song anh giita hai tap hop di dugc thiét lap
vataco M =N=C,, .

Bai méu 3: C6 bao nhiéu cach chon k s tir n s6
nguyén duong dau tién sao cho vé6i hai s6 bat ki a.b
duoc chon ta ludn co ‘a - b‘ >m (0 diy khong quan
tam thir tu chon cac $6 nay).

Giai: Ta cdn tim sd phan t¢ cua tap
A= {(al;az;...;ak )a <a,—ml<a < n}

Xét tap

B={(b:b,;..;b,)|b,<b,;1<b <n—(k—1)m}

12729 i+1°
Thiét 1ap mot anh xa f: A —> B:

(azaya..5a,) > (a;:a,

—m;a, = 2m;...;a, —(k—1)m)
Ta dé dang chirng minh day la mét song anh.
:;‘A‘:‘B‘béng s6 cach chon k sb tr

n —(k —l)m s6 ma khong quan tam tht tu.
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e 2 1A k
Keét qua la: Cn_(k_l)m .

M1 Két lujn

Qua theo ddi dé thi khu vuc, qudc gia, qudc t cho
hoc sinh va sinh vién, t61 nhan théy cac dang toan roi
rac dugc cho doi khi cling rat co ban, @61 khi duogc tich
hop tir cic bai toan co ban. Do dé, dé hoc sinh giai
quyét tot dang toan nay, cac em can duoc trang bi kién
thire that co ban, phan loai cac dang toan that t6t thi cac
em mdi xt li dugc nhitng bai toan phirc tap. Trong qua
trinh nghién ciru va tong hop tai liéu, do kha ning va
thoi gian c6 han nén mot sb két qua cia chuyén dé mai
dung lai ¢ nhiing két luan ban dﬁu, mot s6 vAn dé cua
chuyén dé co thé chua dwoc phat trién sau va cach lam
¢6 thé chua tdi wu. Vi vay rat mong duoc s quan tim
dong gop v kién cuia cac thiy co gido, cac ban dong
nghiép dé bo sung t6t hon trong chuyén dé.
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Discrete mathematics is a challenging form of math and plays an important role in
training the skill of math solving and problem solving in reality for students. Discrete
problems are highly focused in the math syllabus of high schools, universities and
colleges of many countries in the world. In our country, this form of mathematics has
been insignificantly mentioned in the syllabus, and mainly taught for good students
in Mathematics teams due to different reasons. However, if knowledge flow and
classification are not mastered completely, even students in Mathematical Olympiad
teams will face challenges in solving this form of math. Therefore, equipping
students with basic and advanced knowledge will help them to master this form of
math well.
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