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phén ciing nhu gitp cac em hoc sinh dat két qua cao trong cac ky thi nhu
THPT Qudc gia, thi hoc sinh giéi, Olympic, tic gia di dé cap dén cach sir
dung phuong phap ddng dang dé tim ham sé trong bai toan vé& phuong trinh
ham vi phan - tich phan. Tu d6 gitp hinh thanh phuong phéap giai hiéu qua

Tir kKhéa: cho hoc sinh khi gap cac dang toan nay. Cac bai tdp toan nay dugc ching
T B toi suu tam va tong hop tor mot so tai liéu va mot so cudc thi trong nhitng
Nguyen ham, tich phan, nim gin déy, tac gia da bd sung va hinh thanh nhitng phuong phap chung
phuong trinh vi - tich phan, hd trg cho cic em hoc sinh & cac chuyén d& khac nhau trong qué trinh hoc

dong nhat, hoc sinh - sinh vién. tap va tim hiéu. Vi vdy, cac em hoan toan co thé tu thiét ké cac bai tap

tuong tu..

I. DAT VAN PE

Vi phan va tich phan 1a mot trong nhing chu &
hay va kho trong chuong trinh giai tich cua Trung hoc
phé thong va Dai hoc, ddc biét 1a ph?m véan dung va van
dung cao trong c4c ki thi Trung hoc phd thong Qubc
gia, hoc sinh gi¢i va Olympic hoc sinh - sinh vién.

V& phuong trinh ham lién quan dén vi phén, tich
phan da c6 cac giao trinh giang day cta nganh toan
cac truong Pai hoc va ca ¢ bac Trung hoc phé thong,
dd co day du ly thuyét, bai tap thyc hanh bao gdm: Vi
phan, tich phan, phuong trinh vi — tich phan co ban.
Tuy nhién, nhitng nim gin day, trong cac ki thi ciia
hoc sinh va sinh vién da sb phan nay cic em déu lam
chura t6t, trong bai viét nay, tac gia tap trung khai thac
mdt dang toan tim ham s6 trong phuong trinh ham vi-
tich phan, gitip cho hoc sinh va sinh vién nhan dang
va giai quyét tét nhimg dang toan nay trong céac ki thi
va gitp ngudi hoc chii dong xdy dung duoc hé théng
bai tap trong hoc tdp va nghién ctru. Cac dang toan
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phtic tap hon tac gia s& gioi thidu trong cac chuyén dé
tiép theo.

IL. NOI DUNG NGHIEN CUU

* Kién thirc chuén bi

2.1. Nguyén ham [3]

2.1.1. Pinh nghia. Cho ham sé f(x) xde dinh
trén khodng K (K la mot khodng, mét doan, hodc
nita khodng cua [ ) Him s6 F(x) dwoc goi la
nguyén ham cia ham 6 f( x) trén K néu
F'(x):f(x), VxekK.

2.1.2. Dinh Ii. Néu F (x) 12 mot nguyén ham ciia
ham s6 f (x) trén K thi véi mdi hing sé C , ham

s6 G(x) =F(x)+C ciing 1a mot nguyén ham

cua ham sb f(x) trén K.
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Do lai, néu F( x) 1a mot nguyén ham ctia ham
sO f(x) trén K thi moi nguyén ham cia f(x) trén

K déu co dang F(x) +C,vé6i C lahing sb tuy y.

Ho nguyén ham cua f (x) ki  hiéu:
[F(x)dx=F(x)+C:
H¢ qud. Néu biét

S(x)=g(x)= f(x)= J.g(x)dx =G(x)+C-

2.1.3. Cac phwong phdp tinh nguyén ham.
Ngoai phuong phap dung bang nguyén ham co ban,
ta con c6 cac phuong phap sau:

a. Phuwong phdp déi bién so:

Dinh li. Ham $6 u= u(x) c6 dao ham lién tuc
trén K va ham sb f(u) lién tuc sao cho f[u (X)]

xac dinh trén K . Khi d6 néu F' 1a mot nguyén ham
cua f, tuc la:

[/ (w)du = F (u)+C thi
If[u(x)].u'(x)dx = Fl:u(x):|+C.

b. Phwong phdp tinh nguyén ham tieng phén:

Néu u =u(x) va v=v(x) c6 dao ham lién tuc

trén [a;b] thi:

J.u(x)v'(x)dx = u(x)v(x) —J.v(x)u '(x)dx

Hay viét gon lai la: Iudv =uv— J.vdu .

2.2. Tich phén [4]

2.2.1. Dinh nghia. Cho ham sé f(x) lién tuc
trén doan [a;b]. Gia sw F(x) la mot nguyén ham
ciia ham sé f(x) trén doan [a;b], hiéu s6
F(b)—F(a) duoc goi la tich phdn tw a dén b
(hay tich phdan xdac dinh trén doan [a;b]) cua
ham s6 [ (X)

b

Ki higu: If(x)dx’

Khi do ta co:
b
[7(x)dx=F(x)f = F(b)~ F(a)

H¢ qua.

l)jf(x)dpo;

D_Tf(x)dx = —Tf(x)dx~

3) Néu jf(x)dxzothi f(x)=0,véi azb.
4) Ta co:
[ 7 (x)dx = £ (u)du = [ f(t)dt =..

2.2.2. Cac phwong phdp tinh tich phdn. Ngoai
phuong phap dung bang nguyén ham co ban, ta con
¢6 cac phuong phap sau [5]:

+ Phwong phdp doi bién sé:

Dinh Ii. Néu ham sé y = u(x) c6 dao ham lién
tuc trén K, ham s y =f(u) lién tuc va ham hop
f[u(x)] xac dinh trén K, [a,b] c K, ta co:
b u(b)

If[u(x)]u'(x)dx = J- f(u)du
a u(a)
+ Phuwong phdp tinh tich phén tieng phén:
Dinh li. Néu y =u(x), v=v(x) 1a cac ham

b ¢4 dao ham lién tyc trén [a;b] thi:

ji.u(x)v’(x)dx = [u(x)v(x)]

a

’ —jlu‘(x)v(x)dx

b b
. Hay viét gon lai la: Iudv = uvr; - Ivdu .

2.3. Mt s6 bit diing thirc tich phén [5]
2.31. Pinh Ii 1. Cho
f:[a,b] >0 Néu f(x)=0,Vx €[a,b] thi:

ham lién tuc

b o
jf(x)dx > (), dau bang khi

f(x)=0,vx e[a;b].

H¢ qud 1. Cho ham lién tuc f: [a,b] — ] thi
b

J.I:f(x)]zndx >0, ddu bang xay ra khi f(x) =0,

voimoi x € [a;b].
H¢ qua 2. Cho hai ham lién tuc £ :[a,b] — [
va g:[a,b]—)U .

Néu f(x)<g(x),Vxe[a,b] thi

jlf(x)dx < jg(x)dx-
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2.3.2. Bit ding thiic gifta trung binh cfng vi
trung binh nhin AM-GM (Inequality Arithmetic
and Geometric Means). Cho N sb thyc khong am

a,,a,,...,d4,,taco

Gtat..ta, ”’“1“2'--% . D4u bing xay ra
n

khi @, =a,=...=aq,.
2.3.3. Bit ding thite Cauchy-Schwarz: Cho
f» g:[a;b] >0 1a cc ham kha tich rén [a;b].

Ta c6: ]:fz (x)dx.jg2 (x)deﬁf(x).g(x)de ,
déu bang khi f(x) :kg(x),k #0.

III. MOT SO DANG TOAN TiM NGHIEM
CUA PHUONG TRINH HAM VI - TICH PHAN
BANG PHUONG PHAP PONG NHAT

Trong nhiéu chi dé vé& phuong trinh ham vi-tich
phén, c6 mot dang toan thuong gip la: Biét mot sb
gia thiét vé gia tri ham tai mot diém va biét mot sb
déng thire vé& vi, tich phén cua n6. Ta can x4c dinh
ham hodc mot sb yéu td lién quan dén ham. Trong
bai bao nay, do khuoén khd c6 han nén tac gia lam ro
mot sb dang toan nay tir nhan dang, phan tich din
dén phwong phap chung dé tim ham bing phuong
phap ddng nhét da thic, ddng thoi ban doc co thé
chu déng xdy dung dugc hé théng bai tip twong tu.
Con nhiéu dang toan lién quan khac, tac gia s& dé
cép trong nhig bai viét tiép theo.

3.1. Dang toan 1. Tim ham f(x) bing ddng
nhit nhj thirc
Gia thiét bai toan c6 hai ding thirc tich phan,

) b
chang han Tf'z(x)dx=Ma [¥f (x)dx=N v& mot

s6 gia tri ham tai mot diém. Tim f (x) hodc nhirng
biéu thirc, phép toan lién quan dén f ( x)~

Phuwong phdp. Tiy theo gia thiét ta ddng nhit nhi
thirc bang cac biéu thirc thich hop. Ching han véi hai
gia thiét & trén co6 thé goi y ddng nhét
[f'2(x)+ax3]2 =0 detim f(x).

Vi dy 1. Tim ham f(x) c6 dao ham lién tuc

trén [0;1], biét ring 7(1)=0 j.f'z(x)dx=7 va
0

1
Ixzf(x)dx 1 [2].
0 3

32|

Phin tich. Ta thdy biéu thirc dwdi déu tich phin
c6 chira f"(x), do d6 d@é sir dung gid thiét nay ta

can lam xudt hién f '(x). Nhue vy phdi xudt phdt
|

tir gid thiét J’ X f( x)dx=% st dung phuwong
0

phip tirng phan dé cé f'(x). Sau dé tir cdc gid thiét
dd c6 tip tuc ddnh gid dé tim ham f(x).

Gidi. Trong tich phan: j — szf(x)dx~
0

du = f"'(x)dx

v="—

Nhu vay: jx3f’(x)dx=—l va Ifz’(x)dx:7-

0

Xét déng nhét:

[f'(x)+ax3]2 =0 " ()c)+2a)63f'(x)+azx6 =0

Theo gia thiét ta c6:

j[f'(x)+ax3]2dx = ,l[fz'(x)d“za.l[xsfv(x)der azjxédx
2

a
=7-2a+—-

7
Ta cén tim g sao cho:

2
[f'(x)+ax3]zdx=0:>7—2a+“7=0:>a=7

S —

Vay

j-[f'(x)+7x3T dr=0= f'(x)=-7x",Vxe[0;1]

Thay f(l) =0 ta dugc (= 7 Vay
4
f(x)= —%x“ +%~

Vi du 2. Tim ham s f(X) lién tuc trén [1;4],
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thoa man:
9 .
=1, f(4)= 2 va
f() f( ) X+ 10
5 27
2 =9ln=—-=L [ ]
jxf (x)dx =97~

1

Phan tich. Vé logi todn khd giéng véi vi du 1,
tuy nhién co d¢ phirc tap hon va biéu thirc déng
nhit ciing can nhin nhgn séu sic hon dé tim méi
lién hé giita cdc bidu thirc.

Gidi. Gia thiét:

10

JXf (x)dx = 91115—2@][«/—1‘ (x)] ax= 9ln§—2—7
Ta cling co:
J 7 ()de=7 (5 =1 (4)-F (=303
3riflc)dx:!{f’(x)—%}dx:ﬂn%_%.
.ﬁdx:3ln§—i~ Din dén
x+1 10

Hay jtx/;f'(x)

xét ddng nhit:

{J_f( )+ “I

7 (x axf'(x) a’x fe—
< af P (x)+2 1 (x+1)2 =0
4 - 4xfl 24
'!xf (x)dx+2a.1[ o +a '1[ x+1

(a+3) ~0m a3 ey 25

x+1
3
= f'(x)=—=>= =3n{x+1|+C.
(%) =—7 =/ (x)=3In|x+]]
Thay f(l):l:C:l—3ln2

Vay f(x)

Nhan xét. Trong hai vi du trén ta théy, dé tim

=3In|x+1[+1-3In2.

ham f(x) ta can xur 1i gia thiét, sau d6 tim biéu
thire ddng nhit thich hop. Pay 1a tu twong cho
hang loat dang toan nhu trén. Tuy nhién, c6 nhiing
bai cin bd sung tham sb khi tich phan tirng phan,
hodc tim biéu thirc déng nhét thich hop hon. Cac
bai tap ty luyén & phin sau, ngudi hoc c6 thé ty
dua ra hé thdng bai tap twong ty.

Vidy 3. Tim ham sé /() c6 dao ham lién tyc
trén [0;1] . Biét rang:

f(1)=0,jf'2(x)dx=%_zmz v

0
1
0

Phédn tich. Dang todn twong tw vi du trén,

dx 21112—— [2].
2

Lo
nhung khi tich phan tirng phén J'

0 x+1
xudt hién gia tri f (0) chua biét. Ta cin khir

f(O) trong qud trinh fim f(x)

Giai. Trong tich phan ]:Jl. f(x)zdx

o(x+1
f(x)=u du = f"'(x)dx
dat 1 = 1 .
dx dV V=—-
(x+1) x+1
Nhén dugc:
AC) I YA PAL) ()
x+1 | ;[ x+1 e = +f(0)+-([ x+1 dx

Nhu vdy sé& con f(O) chua biét. Dé tim

f (0) , ta dua vao tham sb nhu sau:

f(x)=u du = f'(x)dx
Dit | O .
> dx =dv p=— 4
(x+1) x+1
Khi dé
I(fﬁ;zdxz(—xlﬂ+kjf(x)o—i(—;l+ka'(x)dx
:(—%ch F(1)-(1=k)£(0) - !(—ﬁwj £(x)dx
——(1-k) f(O)—':([—ﬁ+kj F'(x)dr- Chon &
saocho 1-k=0=k=1.
Ta duoc:
¢ f(x X 3
!(XL; dx=2In2— <:>Jx+1 dx=2=2In2
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Tir goi y biéu thirc dudi diu tich phan, ta s& dung
ddng nhit:

[f'(x)+axx+1T 0 /2 (x)+

ax

271) +(jz =0
x+1 x+1

1 » lfv 1 2
:!f (x)dx+2aji—ﬁdx+£(%) dx

h 3

Ta co: If'z(x)dx=5—21n2 thiét);

(giad
1 '
zaj.xf_(x)dx =2a (% —2In 2) (da tinh & trén);

L 2 1 2 L ?
j(ﬂ] dx:azj[lfi) dr=a’| [P dx:az(i—ZanJ
o\lx+1 oL x+l1 of X+l (x+1) 2

! x T, 3 3 3
J.[f'(x)Jra—} dx==-2In2+ 25{772ln2)+a2 [7721n2j
g 2 2 2
j-[f'(x)-#a—] dx = 0:772ln2+2a(372ln2]+a2[272ln2]:0éa:71
! X+ 2 2 2

= (7—}1)« x—Injx+1]+C

x+1 4 '[

Thay f(1)=0=C=I2-1=
f(x)=x-In|x+1[+In2-1.

Vi dy 4. Tim ham s6 y = f(x) lién tuc trén
[-1;1], thoa man:

f(1)=0va
f2(x)==4f(x)+8x’+16x—8, Vxe[-1]

Phan tich. Véi cc gia thiét di cho, ta thiy vin
cdn tim biéu thirc f'(x) dé déng nhit. Tuy nhién

con thiéu f(—l). Do d6 ta cin mét tham sé dé
khir f(—l)-

L
Gidi. Xét J — j2f(x)dx

34|

[2].

Dit {f(x)zu - {du =f'(x)dx’ Khi do:

2dx =dv v=2x+k
I=(2x+k) f(x)), j(2x+k '(x)dx
:—(k—Z)f(—l)—JL(2x+k)f'(x)dx'

-1

Chon k=2 ta dugc
1= jzf )dx = j2x+2f( )x

Tir gia thiét:
F2(x)=—4f(x)+8x* +16x -8, Vx e[-11]

:jf’z(x) dx=—2j2f(x) dx+'l[(8x2+16x—8)dx

@If'z ) dx = 2j 2x+2) f( )dx+j(8x2+16x78)dx

@j[f'(x (2x+2)Jx = j2x+2 dx+j (85> +16x-8)dx =0
4 :

Do d6

f'(x)=2x+2= f(x)=x+2x+C. Thay
f(=0=C=-3.

Vay f(x)=x+2x-3.

Nhdn xét. Qua hai vi du trén, ta thd'y ro phuong
phdp xir li dang todn dong nhit nhi thirc, cé thé
cdn dwa vio tham so trong tich phin tieng phin
khi con gid tri ham s6 chua biét. Ngwoi hoc c6 thé
dwa vao dang toan va phwong phdp trén tw xdy
dung dwoc hé théng bai tdp trong qud trinh hoc
tdp va nghién ciru.

3.2. Dang toan 2. Tim ham f(x) bing dong
nhét tam thirc

Bai toan dugc xét tuong tu cac dang trén, nhung
s6 lugng déng thirc nhiéu hon, ching han c6 cac gia
thiét:

If
jf

phép toan lién quan dén 7 x).

jf( )dr=N

a

=pP.Tim f ( ) hodc nhitng biéu thi,

Phirong phdp. Tir s6 lugng gia thiét goi ¥ lién
két voi tam thire (hodc hon nira) tiy theo sé luong
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gia thiét, ching han nhu ba gia thiét trén goi ¥ lién

két tam thirc [f(x)+ax+b}2-

Vi dy 5. Tim ham s6 f(x) lién tuc trén [0;1],
thoa man:

1

Jr()ae= o ()an=1 ] 7 (x) =

0 0
[1].

Phan tich. Tir cdc gid thiét ta thdy cdc biéu thirc
tich phan cing cdn va cdc biéu thirc dwoi dau tich
phén  chira f* (x), xf(x),f(x) nén dé dong
nhét, goi Y xudt phat tir tong ba sé binh phuong.

Gidi. Xét ddng nhét:

[f(x)+ax+b:|z =0 [?(x)+2axf (x)+2bf (x)+a’x’ + 2abx+b'x> =0

f—

L L

o —

0 0 0

2 . ‘
<:>4+2(a+b)+%+ab+b2:(). Ta can tim

a, b sao cho:
j[f(x)+ax+b]2dx=0’

2

hay 4+2(a+b)+%+ab+b2:0

< a’+(3b+6)a+3b +6b+12=0. Tu diy
timdu()’c b:2’ a:—6.

Vay tu

[/ (x)=6x+2] dx=0= f(x)=6x-2,¥xe[0;1]

Sy S—

Vi dy 6. Tim ham 6 ( x) ¢6 dao ham lién tuc
trén [0;1] . Biét rang:

ef(l):4f(0)=4 va
1 1
Je“ [f'z(x)—fz(x)] dx+4je*f(x)dx :% [1].
0 0

Phan tich. Tir gid thiét ta thdy chi c6 mét ding
thire di véi tich phin. Ta cdn xem xét ki dé lam
gon bidu thirc va dwa vé dang da biét.

Giai. Xét

7 (x)dx+2aJ.xf(x)dx+2b_[f(x)dx+.I[(a2x2 +2bx +b” )dy =0

I= je“ (/7 (x)= 17 (x)] dx+4j[e"f(x)dx :g
‘Détou(x)zexf(x),khid(): 0
w=e'f(x)+e f(x) = e () =u'—u,
véi u(1)=4, u(0)=1.
Nhu vay:

I_j'[ , 2, _1 2 , 8
= (u —u) —u +4u}dx—'”:u —2uu +4u:|dx—§
0 0

Taco

1
.I[Lm'dxzu—2 =1—5’
) 2| 2
1 1
J.udxzxu|;—jxu'dx=4—jxu'dx,
0 0 0

thay vao trén dugc:

1= j‘liu ?_4xu ']dx = g . Diing dong nhit
0

(u'—2x—a)2dx=0 tim dugc @ = 2

S S

Do d6 u'=2x+2. Theo cach dat suy ra
exf(x)+exf‘(x):2x+2
= [e"f(x)]' =2x+2
:>exf(x)=f(2x+2)dx=x2+2x+C.
Thay f(0)=1=C=1.

2
Vay f(x)zLZXx—l—lz(x+1)ze’x-

Nhin xét. Qua hai vi du trén ta thd'y, hwong xu
li bai todan co phfin Dphirc tap hon, doi hoi phdi phat
hién dwoc méi quan hé tiv cac gid thiét din dén xdc
dinh biéu thivc dong nhit.

3.3. Dang toan 3. Tim f(x) khi biét mdt bét
ding thirc tich phan ddi véi f(x)

Trong bai bao nay tac gia chi d& cip dang tim
ham bang cach ding mot sb bit dang thirc co ban.
Noi dung diy du v& bit ding thirc tich phan s& dugc
trinh bay trong mot chuyén dé khac.

Dang 3.1. Sir dung tinh chat: j).fz” (x)dx >0,
ddu bang khi f(x) =0,Vxe [a;b].

135
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Vi du 7. Tim ham s y =f(x) nhan gia tri duong
va c6 dao ham lién tuc trén [0, 1] , thda man:
1 2
ALY
F(1)=ef (0)=c vi {_ "
7

Phan tich. Tir gia thiét ta thiy sé tén tai mot
h&ng sé M sao cho cé déng thirc xdy ra. Dé tim
m, ta dung phwong phadp d[;ng nhét. Loi gidi nhw
sau:

Gidi. Xét:

-] o
H mf'(X)mz]dx:O

7
m}d

!
o
/(%)
2m. f(x)

Vay

(o]

J f(xJ aes!

@1 /() 2 < :f’(x)z = f(x)=
ﬂf(x) l}dx‘o OREREAR

Vif(l)zef(O):e nén k=1= f(x)=e".

Nhén xét. Viéc dwa vao tham sé dé bt ding
thive xdy ra diu bing thuong dwgc ding trong
nhitng bt ding thirc don gidn. Péi véi nhitng bai
phire tap hon, ta co thé xir li bdng cdc bit déng
thirc co bdan (xét ¢ cac dang sau), hodc dwa vé cdc
hang ding thikc.

Vi dy 8. Tim ham sb f(x) c6 dao ham duong
lién tuc trén [0;1]. Biét rang:

7()-7(0)=1va

36|

Jl.{hn.f'(x) —mzl dr= 2mj.f'(x)dx—m2jdx = 2mln‘f(x)H:] - zx‘;

[P )37 (x)+2]dr < [2f67 ) S (x)ae 1)

Phan tich. Ta thcfy trong bat déng thuwe da cho
¢6 chira biéu thirc bdc hai ciia f (x), ta sé dwa vé
hang déing thive dé danh gid diu béng.

Gidi. Ta gia  thiét

If (x)[3/ x)+2]dx<'[2./6f (x)-f (x)dx

bién doi nhu sau:

= j:(f'(x)[3f2 (x)+2] =267 (x).f (x))dx <0

o (T () e

:[(x—f'(x))dx =0

& \BF TS (1) =2 =0 £1(x) £ (x) =5

:>jf'(x)fz(x)dx=§jdxQ%ﬁ(x):%“c
= f(x)=2x+C.
Ta co: f(O):%/E;f(l) =32+ C - Thay vao gia
thiét f(l)—f(O):l ta dugc:
Prc-3YCc=1=¢_

221

1.

-1

221
9

3f(x)=32x+

Dang 3.2. Ding bat dding thire gifta trung binh
cong va trung binh nhdn AM-GM (Inequality
Arithmetic and Geometric Means)

Vidu 9. Tim ham sb f (X ) c6 dao ham lién tuc

trén [0; 1] . Biét rang:

+jf'2(x)dxﬁ2. 1]

0

1

)= (0) va [

0 /7 (x)

Phin tich. Bit ding thirec da cho c6 dang

nghich déo, diéu dé goi y cho ta ding bit ding

thirc AM-GM, muc dich tim ra bét ding thirc
nguwoc chiéu véi gid thiét.

Gidi. Theo bat déng thirc AM-GM ta co:

Jrionl o

© o odx
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Lorr Nhin xét. Trong thuee té, viéc fim bét ding thirc
P EACI Y TN EAC) P SHO ; ; : pidn. PE
>2f v =2In|f (x)], = o|=2€=2 nguge chidu véi gi thiét khi phé bién. Dé lam

0 /(%) 7(0) g e o N

duwgc diéu do, chung ta can co nhitng dainh gia
) thich hop nhé cdc bit ding thirc co ban. Nhitng
Do gia thiét: bii tod ) ) 3 veoa ) .
ai todn twong tw trong phan bai tip tw luyén.
fodx : 1 Trong cac vi du trén, moi chi ldy mét vi du minh
[t <2 ()= e () /(x)= § e e e
o f1(x) o f(x) hoa, cdc bai tip twong tw sé cho trong phan tw

luyén tap.

1 1 2 A A A < /. , A , .o ~ .
Djf(x)f'(x)dx =jxdx - S (x) _e4C o f(x) I TIC Rleng phan bat dang thirc tich ;?han, tac gid s& d}
0 0 2 sdu va day du trong mot chuyén dé khac. Trong bai
béo nay, tac giai chi ding lai & viéc tim ham s bang
1 1 fz ( x) bét dang thirc co ban.
= [ £(x) f(x)de =[x e =l=f (¥)=v2r+2C gay day 1a cac bai tap tir luyén. Neuoi doc can
0

! nhéan dang va st dung phuong phap thich hgp nhu

cac vi du mau & trén. Sau d6 cac ban thir xdy dung

Vi f(1)=¢f(0) nén mdi dang toan mot s6 bai xem con mic & budc nio,
1 2 vi cac ban van can mot sb phép thir dac biét thi méi
C=5—=f(x)=,[2x+5—. N
e -1 e -1 dugc mdt bai toan dep.
Dang 3.3. Sur dung Bdt dcfng thirc Cauchy- Bai tap tu luyén [1], [2], [4].
Schawarz

Bai 1. Tim ham s6 () ¢6 dao ham lién tuc
Vi dy 10. Tim ham f'(X) ¢6 dao ham lién tuc
trén [0;1] , thoa man:
trén [0; 1] . Biét rang:

s(1)=0. if'z(x)dxﬂ v ixzf(x)dx:% [1.

[rmalr]=5

Phin tich. Bai todn nay phén trén chiing ta di 0 3
diing phwong phdp dong nhit. Tuy nhién, néu
ddnh gid va siv dung bit ding hop li sé c6 16i gidi
hay va ngdin gon hon.

Hudng dan: Pdng nhit [f'(x) + ax6:|2 =0.

Két qua f(x)z%xé +§.

Gidi. Tich phan timg phin j 1 (x) ool ta 7
o 3 Bdi 2. Tim him s6 f(x) c6 dao ham lién tuc

duogc: trén [0;1], thoa man:
1 3 1 1

2 _X 1L, 3 _ 1
-([x f(x)dx—?f(x)‘o—ggxf(x)dx@{xf(x)dx——l 7(1)=1. Ixf(x) dxzé va

0
) |

Mat khac, dung bét déng thitc Cauchy-Schwarz j f'2 ( x) dx zﬁ.

ta co: 0 45

! Lo ! ! Hudng din. Ddng nhit ! 2T =0.
[jff'(x)dxj < [ £2(x)dr=1-1< [ ) (x)de <1 L7 () ad]

' Pt ! Két qua: f(x)zzx3+z,

9 9

Tir d6 phai c6 dang thirc xdy ra, tic Ia Bai 3. Tim ham sb f (x) c6 dao ham lién tuc

"(x) = kx> . Thay vao trén tim duoc k =—7 .
/ ( ) trén [0;1], théa man:

=1 [r(F) =

Viy f'(x)=-7x’,Vxe[0;1]= f(x) :—%x+C.

W

va l'fﬂ(x)dx:§.

Thay f(l)=0:>C=%:>f(x)=—Zx +Z.
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Hudng dan. Dng nhit [f'(x)+azx2]2 =0. Két
qua: f(x)=x3~
Bdi 4. Tim ham sb f(x) ¢6 dao ham lién tuc

trén [0;1], thoa man:

f(1)=0,va
1 1 -1
[ 2 (x)dx = [(x+1)e f (x)adx =—.
0 0
Hudng dan. Pdng nhét

2
[f'(x)+axex] =0.
Bai 5. Tim ham 6 f'(x) c6 dao ham lién tuc

trén [O; 1] , thda man:

F£(0)+ £(1)=0. [ £ (x)ar=1 va

1
If'(x)cos;rxdx =%~ Tim f(x).
0

Huéng dan. Pdng nhit [f(x)+asin7rx:|2=0.
Két qua: f(x) =sinzx-

Bai 6. Tim ham s§ f(x) c6 dao ham lién tuc

trén [
pa
130

Huéng dan. Pdng nhét [

Két qua: f(x) =Cosx-

, théa man:

N\b}*—.m

T
aoE VR Icosxf
4 T
2
+as1nx] =0.

Bdi 7. Tim ham sb f(x) ¢6 dao ham lién tuc
trén [1; 2] , théa man:

f(x)dx= “Lva

f(z):o’.z[(x—l)2 3

jf’z(x)dx:T

Huéng dan. Ddng nhét [f'(x)+a(x—1)12 =0.
Z(x—1)4 _T

4 4
Bai 8. Tim ham sb f(x) lién tyc trén [—1;1],

S(x)=

théa man:

f(-1)=0: szf(X) —va jf‘z )dx=112-

38|

Két qua: f (xj) =

Hudng din. Dong nhét

['(x)+a( —1)]2 —0. Két qui:

x)—f%x +7x+%

Bai 9. Tim ham s f(x) ¢6 dao ham lién tuc

trén [1;2], ddng bién trén [1;2] thoa man:

r(y=o, j'f'z (x)dx=2 v
i

[ £ (). (x) =1
—Xe +€

Huéng din. Péng nhét [ f'(x)+a] =0. Két
qui f(x)=~2x-2-

Bai 10. Tim ham s6 £ (x) lién tuc trén [1;4],
thoa man:

F(1)=-1.7 (4) =8 vi

2 x)\/;—f(x)=9\/x_3—\/;—3x, Vxe[l;4].

Hudéng dan. Tir gia thiét ta co:

21-2In2

Jfﬂ(x)dx-imdxzf[“i‘3]‘1"=(9x-m'6&)14=

Dung tich phin timg phan tinh Tf (x) dx

3
1\])6

du= f'(x)dx
Py e = 2

=dv =——+k

, ta duogc:

Thay vao trén ta dugc:

j‘f.z(x)dx+7k—6—2jf(%—gjf'(x)dx =21-2In2

1

H 6-21-2m2
4

1 kﬂ dv-2In2+9k-6-

“fr{gs

Chon k =6 thi j{f-(x)_(%_gﬂz dr =0

1
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hay f"(x) =%—3:>f(x) =2x -3x.

Bai 11. Tm ham s6f'(x) lién twe wén [0;1],
thoa man:

j [ (x)dx=5va j
Tim f(x).

Huéng dan. Pdng nhét
[f(x)+ax+b\/;J2 =0.Két qua
f(x)=15x-15x .

Bai 12. Tim ham f(x) lien tuc trén [,

N’f )dx=1-

biét:f(o)zo, f(x)dx:i va

3 I (x)dxz

1
6

ot —
O C— 0 | —

1
5 2

Hu6ng dan. Trong I dx=—’ dat
0

f(x):u:> d”:f'(x)dx,ch(_)nduqc k=—l.
dx =dv v=x+k 2

Pong nhat [ f(x)+a(2x— 1)] =0=a=-1.
Ketqua. f(x):x —Xx-

Bai 13. Tim ham f( ) lien tyc trén [J

blét f(o) = J’f |2 dx _ va
2
jf(x)dx __4
0 3
~ 2
Huéng dan. Trong dy =2, dat
If(x) x 3
f(x) —u = du =f’(x)dx’ chon dugc k=-2.
dx=dv v=x+k
Xét ddng nhét
[f’(x)+a(x—2):|2:0:a:—% Két qua
f(x)= %xz -x.
Bai 14. Tim ham £ (x) lién tuc trén [J , biét:
2 2
-0, Ifa(x)dx:g va _[f(x)dx:—
0 3 0
Huéng dan. Trong J‘ f dx _ dat

f(x)=u - du = f'(x)dx, chon  duoe
dx =dv v=x+k
k=-2.
Xét ddng

e f(+) ra(+-2) ~0=> a1
Két qua: f(x):—(x—Z)z +1-

Bai 15. . Tim ham f(x) lién tuc trén [, biét

1
Hudng dan. Trong j‘ f(x)
0

=u_ du= f'(x)dx
dx dv v=x+k

k=

chon duoc

2
Xét ddng
[/'(x)+a(2x-1)] =0=a=-1-
f(x)=x’—x+1.

Bdi 16. Tim ham s f(x)>0, ¢ dao ham

nhét:

Két qua:

f'(x) >0, lién tuc trén [(),1] théa man:
f(0)=1va
(L7 () + a1 (x) Jde <3[ £(x) £ (x) -

Huéng dan. Ap dung bét déng thtc AM-GM cho
ba sb dwong ta co:

L
M)+ f(x)+5

P (x)+41"(x)=4f
3'(x)f(x)=
I:f (x)+4f'3(x

s

)]dx23j;f'(x)f2(x)dx'

Két hop gia thiét ta co:

1 %x+(‘

4= ):>f() J(x)=|f(x)= §x+C3f(x):e

Bdi 17. Tim ham s f(x)>0, c6 dao ham

f'(x)>0, lién tyc trén [0,1] thoa man:

1(0)=

1):@2 Vél.i‘ xf'(x)dle.Tim f(x)
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~ < 1
Huéng dan. Can chi ra f ,x dx<1 Ta co:
0

PG _ e |G
\ /() I'me

g £ f'(x)
Xét @ hat: fx. [~
et dong nhat X f()

co:

,mZO,xe[0;1]~

1w, e [
ERE Wi
VéytacﬁntimmZOdé:

IM+mx x = m1 _xf’(x) x
l{fm }"M‘Nf(x)d

Hay: 1n|f(x)||;zzﬁ.1@2+%zzﬂ.

Déu bang xay ra khi m = 4.

Tu do suy ra
(EAE }) JEACR N A
4= dx v > 4 d de<l
ﬂf(x)” W i = 1 ™

Déu bing xay ra khi

f'(x)— :>M = [dxdx - im C
f(x)—4x jf(x)dx j4dx T dug
f(x):ez;S

Bai 18. Tim ham f(x) c¢6 dao ham lién tuc

trén [0’1] biétif(o)zl 7 1)=\/§Vé j‘l:f(x)f

(x)] dx<1-

Hudng dan. V6i m > 0, Xét:

[f(x)f'(x)}z +m22\/ﬁf(x)f'(x), hay cin tim m

sao cho:

j;[[f ] +m}dx>2\/_j dx

=14 m > 2/m . Diu bing xay ra khi m =1.
Khi do:

H[f (x)f '(x)]2+1}dx=i[ f(x) f‘(x)]:dﬁ;[dxﬂj f(0)/ (x)dx=2 _

Déu bing xdy ra khi £ (x)f'(x)=+1. Thir lai
tim duoc f(x) = «/2x+1 .
Bai 19. Tim ham f(x)>0, c6 dao ham lién tuc

trén [1; 2] thoa mén:

40 |

F1)=11(2 16vajf ((;)) v < 24

Huéng dan. Ta cé: fzv(x):
f (x)
ding bit déng thire AM-GM:

RANCI IR 1 € B
¥ (x) ? \ /(%) -

f '(x) 01 V
f() go1y

1
X

/()

Jf ()

,mZO,xe[l;Z]

Khi do:
24+—>4m,/ | @24+—>12J_ ddu bang
khi m =16. Tim dugc f(x)=

Bai 20. Tim ham f(x) c6 dao ham lién tuc

2
trén [1;2] va théa man Ix3f(x)dx =31.
l
Huéng din: Ap dung hai ldn bit ding thic
Cauchy-Schwarz, ta co:

2
314S(jx3

1

2

f(x)de :{[ijz.xf(x)dx]z S[ij“dsz zef 2(x)dx]:

st"f(x)dxjj/ dx:jf X)dx > 3143

Déu bing khi
2
f(x)=hke=k[x'dr=31=k=5= f(x)=5¢"
1
Bai 21. Tim ham f(x)>0 c6 dao ham
f'(x) > (0, lién tuc trén [0,1] , thoa man:

F0)=1r(1)=¢ véj‘ )?T(;))

Huéng dan. Theo bat ding thirc Cauchy-Shwarz:

U 00| {5 | <

dx>1-

SO .

1 =1

1(0)

Diu bang khi Mzkx- Thay vao
/()

j V() go— 1 k=4 Timduge £ (x) =
o\ /(%)
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Bai 22. Tim ham f'(x) ¢6 dao ham lién tyc

trén [0’1] thoa mén:

£(0)=17(1)=3va

[[F @) (@) ax<t

0

Huéng din. Theo bét ding thic Cauchy-

Schwarz. Ta co: j.f(x)f'(x)dxzéfz(x)u =1va

12 =[j.f(x)f'(x)dxln gjﬁdx.lj[f(x)f'(x)]2 dx<1.1=1
Diu bing khi f(x)f'(x):k, thay vao

jf(x)f'(ﬂdh1 duge k=1=> f(x)=2x+1.

0

IV.KET LUAN

Qua theo ddi d& thi THPT Qudc gia, cac ki thi
Olympic cho hoc sinh, sinh vién, tac gia nhin thiy
céc dang toan vé phuong trinh vi - tich phan dwoc
cho tir co ban dén phirc tap, c6 thé 1a tich hop tir cac
bai toan co béan, néu tdng hop duoc ting dang cy thé
dan hinh thanh chuyén d& diy du cho nguoi hoc
nang cao kién thurc, c6 thé tu téng quat va tao duogc
hé théng bai tap trong hoc tap va nghiém ctru.

Trong qua trinh swu tAm va téng hop tai liéu, do
kha ning va thoi gian c6 han nén mét sé két qua cua
chuyén d& méi dimg lai & nhitng két luan ban diu,
mot sb van dé cua chuyén d& co thé chwa dugc phat
trién sdu va cach lam co thé chua t6i wu. Vi vay rat
mong duoc sy quan tim dong gop ¥ kién cua cac
thdy ¢6 gido, cac ban dong nghiép dé chuyén dé co
chit lugng tét hon.
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