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When solving any problem or geometry problem, we
often have thoughts and find the other solutions or how
to discover new problems from the original problem.
For geometry problems, in order to have a new problem
we often change or add assumptions/conclusions and

etc. In this work, it comes from solving the median line

problem at primary level, we will develop and expand

it to include new problems on the basis of changing

the ratio of each dividing point on the two sides of the

triangle and/or adding appropriate assumptions.

1 Introduction

In the Primary Math program, geometry prob-
lems are always content of knowledge with
many difficult math problems. In particular,
the problems of the area, and the ratio of
measurements between geometric figures are
challenges for most pupils and some teachers.
These problems require students and teachers
to have a solid foundation of geometric knowl-
edge, to have coherent thinking and, to be able
to read and analyze geometric figures to deter-
mine the exact solution for the problem.

In the entrance exams to grade 6 at key junior
high schools, the problem of the geometrical

area is always taken to increase the differentia-
tion for candidates. However, most pupils have
no points in the problems of the area and are
solved by the area method. Finding the solu-
tion of a geometry problem by the area method
and appropriately presenting the object, and
helping pupils develop thinking capacity is al-
ways a requirement for every teacher.

Starting from the Median line Problem, Ex-
ample 3.1, we will develop and expand many
more problems by changing the ratio of each
dividing point on the two sides of the trian-
gle and/or adding make appropriate assump-
tions. In the scope of this paper, we mainly
study area problems related to triangles and
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special quadrilaterals such as parallelograms,
trapezoids, rectangles.

The article is structured as follows: Follow-
ing the Introduction section is the Preliminary
knowledge section, which recalls some related
knowledge that will be used in Section 3 of
this article. Section 3 is the research content.
Finally, the Conclusion section.

2 Preliminary

2.1 Area formulas

Triangle area: Given triangle ABC, altitude
AH is perpendicular to side BC at point H.
We have, the area formula of triangle ABC' is

BC x AH
5 .

BC' is called the base side, and AH is the al-
titude corresponding to BC'. The formula for

Sapc =

area is (verbally) stated as follows: The area of
a triangle is the product of the base length with
the corresponding height divided by 2.

Now we will consider the ratio of two triangles
through the base lengths and the heights.
Consider triangle M N P, altitude M K is per-
pendicular to NP at point K. We have,

NP x MK
Sunp = - 9
Then,
SABC . BC x AH _BC % AH
Suynp NPxMK NP MK’

If BC'= NP then

Sunp MK’
If AH = MK ten

Sapc _ BC

Sunp NP’

186

Area of a trapezoid, parallelogram, and rectan-
gle: Given trapezoid ABCD), small base AB,
longer base C'D, and the altitude AH perpen-
dicular to the bases at H on the side C'D.
Then, the area of trapezoid ABCD is calcu-
lated by the formula

(AB + CD) x AH
5 .

If AB = CD, we get the parallelogram
ABCD, and the area of parallelogram ABCD

is calculated by the formula

SABCD =

SABCD =AB x AH.

If AB = CD and the altitude AH is the side
AD, we get the rectangle ABC'D, and the area
of rectangle ABCD is calculated by the for-

mula

SABCD =AB x AD.

2.2 Find two numbers when the sum

and difference are known

Let’s say a > b. Find two numbers a and
b if the sum is 7" = a + b, the difference is
H :=a —b. We have

a=(T+H)+2 b=(T-H) =2,

orb=T—a, orb=a— H.

2.3 Find two numbers when the
sum/difference and ratio are
known

Let’s say a > b. Find two numbers a and
b if the sum is T" = a + b (or, difference is

— L e M
H :=a —b) and the ratio is § = F.

It is easy to see that the sum (or, differ-
ence) of two numbers a and b is divided into
M + N (or, M — N) parts, where a occupies
the M part, b occupies the N part. Then each
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part has a value of p = T = (M + N) (or,
p=H + (M — N)), and we have

a=Mxp, b=N x p.

orb=T—a (or,b=a—H).

3 Contents

We consider and solve the problem of the me-
dian line theorem in a triangle, in line with the

thinking of primary students.

Example 3.1. Given triangle ABC'. Take the
points M, N on the sides BC, C A respectively
such that MC = MB, NA = NC'. Let P be
the intersection of AM and BN. Prove that
PA=2x PM, BP=2x PN.

A

B¢ .
M

»C

ANALYSIS. By assumption, to prove PA =
2 x PM, we will prove Scpa =2 X Scpum-

Draw a line segment PC', it is easy to see
that Sppc = 2 x Spom, Spec = Spac. So,
Scpa = 2 X Scpy. Therefore,

PA=2x PM.

Similarly, we also prove the case BP = 2x PN.
SOLUTION. Draw a line segment PC'. By as-

sumption, we have
BC =2 x BM, (3.1)
AC =2 x AN (3.2)

Two triangles PBM and PBC share the same
altitude drawn from P to BC and the equality
(3.1), so we have

SPBC =2 X SPBM- (33)

Two triangles BAN and BC'N share the same
altitude drawn from B to AC' and NA = NC,
so we have

Span = Spen- (3.4)

Two triangles PAN and PCN share the same
altitude drawn from P to AC and NA = NC,

so we have

Span = Spcn. (3.5)
By (3.4) and (3.5), we have
Spas = Sppc. (3.6)
Therefore, by (3.3) and (3.6), we get
B SppA
Spa =2 X Sppy = = 2. (37)
SpBMm

Two triangles PBA and PBM share the same
altitude drawn from B to AM and the ratio
(3.7). Then, the ratio of the bases is equal to
the area ratio of the triangles. We have

PA  Sppa

PM ~ Sppu 8

Next, we prove BP =2 x PN. It is clear that
the two triangles PCN and PAC share the
same altitude drawn from P to AC and the
ratio (3.2), so we have

SPAC:2 X SPC'N- (38)

Two triangles ABM and AC'M share the same
altitude drawn from A to BC and M B = MC,

so we have

SABM = SACM- (39)
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Two triangles PBM and PC'M share the same
altitude drawn from P to BC and M B = MC,

so we have

SPBM = SPCM- (310)
By (3.9) and (3.10), we get
Spap = Spac. (3.11)
By (3.8) and (3.11), we get
B Sapp
Sipp =2 X Sapny = = 2. (312)
SapN

Two triangles APB and APN share the same
altitude drawn from A to BN and the ratio
(3.12), so the ratio of the two bases is equal to
the area ratio of the triangles. We have

PB  Sapp

= =2 = PB=2xPN.
PN Sapn

The proof is complete.

Example 3.1 is a basic problem for the require-
ment to calculate the ratio of the lengths of two
line segments on a side connecting the vertex
of the triangle to the midpoint of the oppo-
site side by using the area method. To solve
the problem, detecting and drawing the subline
PC play an important role. To get more new
problems, we will change the ratio of the points
M, N on the two sides of the triangle ABC
and/or add another, appropriate assumptions.
We consider some such problems through the

examples presented as follows.

Example 3.2. Given triangle ABC'. Take the
points M on AB, N on AC such that AM =
MB, NA = 2 x C'N. The notation F is the
intersection of AM and BN. Suppose, the area
of triangle AEN is equal to 18cm?. Calculate
the area of triangle ABC.

188

A M B

ANALYSIS. Thank to the assumption NA =
2 x NC', we can calculate the area of triangle
EAC, the area ratio of the triangles EBC and
EBA, namely

2 SEBC 1

S =27 =

On the other hand,from the assumption AM =
M B, then the area ratio of the triangles EBM

and EBA is
EBM

1
Sppa 2
We infer that two triangles FBC and EBM

have equal areas and

SEBC

=1,
SEBM

and then £C = EM. Therefore,
SAEM = SAEC = 27cm2.

Then, triangle ABC' has an area of 108cm?.

SOLUTION. By the assumption NA = 2 X

NC, we have the ratio ]X—é = % Therefore, the

area ratio of the triangles ENA and FAC is
Sace 3

= = 27(cm?).
Sons 2 = Sacr = 27(cm?)

(3.13)

It is also from the assumption NA =2 x NC,

we have the ratio %—g = % Thus we have the

area ratio of the triangles ENC and ENA as

Seve — L Thus, two altitudes drawn from C,
SENA 2
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A to NB have the ratio % So the area ratio of
the triangles FBC and FBA is
Seppc 1

1
=~ = S =-x95 .
Sppa 2 EBC = 5 EBA

(3.14)

On the other hand, under the assumption
AM = MB, we have AB = 2 x M B. There-
fore, the area ratio of the triangles FM B and
EBA is

S 1
EMB _ ~ = Spap =2 X SgumB-
Sppa 2

By (3.14) and (3.15), we have Sppc = Sprum-
Since two triangles BEC and BEM share the
same altitude drawn from B to MC, so two

(3.15)

bases corresponding to B must be equal to
each other, and EC' = EM. We get

SEMA = SECA = 27(cm2).

Thus, we have Scay = 2 X Span = H54(cm?).
SO, SABC =2x SCAM = 1086m2.

Answer: Sypc = 108cm?

In Example 3.2, the "subline" AE is given.
Then, to get the solution of the problem, we
have to calculate the ratio 5_]\@; =1, or the ra-
tio % = 3. This is the critical middle step to
determine S4pc. Therefore, this problem may
require proving EC = EM or EB =3 x EN
to get another problem. We can also replace
the area of triangle EN A with the area of tri-
angle ENC', EAM and etc. Finally, F is the
intersection of the extended AF that intersects

the side BC'. It is easy to see that the ratio
AE _ BE
AF — BN
claims. In the next example, we add more as-

= %. Readers should prove these

sumptions in addition to the ones about the

dividing point on two sides of the triangle.

Example 3.3. Given triangle ABC. Take
the points D on AB, F on AC such that
AB =3 x BD, AC = 4 x AE. The notation

F is the intersection of CD and BE. Sup-

pose, the area of triangle DBF is equal to

100ecm?. Calculate the area of triangle ABC.
B

D

H
A E C

ANALYSIS. By assumption, it is easy to see
that the triangle DBF lies within the trian-
gle ABE and Sipc = 4 X Sagg. Therefore,
to compute S4pc, we would have to find Sagg
through Sppr. Two triangles DBF, ABE have
two bases on the side BFE, so the altitudes
are parallel. Draw the altitude AH, DI per-
pendicular to BE. We will calculate the ratio
of two altitudes and two bases of the triangles
DBF, ABE. Thereby, the ratio of the areas of
the two triangles DBF, ABE is

Sape AH BE 15

Sper DI “BF 2
So Sapg = 750cm?. Hence Sapc = 3000cm?.
SOLUTION. Draw AF and the altitudes
AH, DI perpendicular to BE, H, I are in AF.
We have

BE x AH

BF x DI
5 .

SABE = 9

s PDBF —
(3.16)

i) Computing the ratio ‘2‘7—7. Draw AF, and
F K perpendicular to AB. The triangle FDB
and the triangle F AB share the same altitude
FK, and the ratio of the bases % = 3 (by
assumption AB = 3 x BD ). So gﬁﬁ =

Hence,

SFAB =3 x SFDB~ (317)
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Now consider two triangles DF'B and AFB
with the base side F'B. Combined with (3.17)
we get the ratio of two altltudes 22 = 3. We
deduce,

AH =3 x DI. (3.18)

ii) Computing the ratlo through the ra-

tio area %;% Two trlangles CAD and CBD

share the same altitude drawn from C to AB
and the ratio of the two bases &= = 2 (since

AB =3 x BD), so the area ratlo is

Scap _o

Scsp

We deduce

SCAD =2 X SCBD~ (319)

Now we consider two triangles CAD, C'BD
with base C'D. Combined with (3.19), we get
the ratio of two altitudes drawn from A and B
to C'D equal to 2.

The triangles CF A and C'F'B share the base
C'F, and the ratio of two altitudes correspond-
ing to the base C'F' is 2. Hence the area ratio

Scra _
is Sors =2, 80

SCFB = 5 X SC’FA- (320)

Two triangles FAC, FEC share the altitude
drawn from F to AC and the ratio of two bases

is % 3 (by assumption, AC' = 4 x AE). So,

the area ratlo of two the triangles is gF AC — %.
FEC
We get

SFAC = —X SFEC’~ (321)

4
It thanks to (3.20), (3.21), we have Scpp =
2
ratio is

X 3 X Scpp = % x Scpp. Hence the area

Scre 3
= —. 3.22
Scrp 2 (3.22)

190

According to the results (3.22), the two trian-
gles CFE and C'F' B share the altitude drawn
from C to BE, so the ratio of two bases is

%:%.Thus, we have
BE FE+FB 3+2 5
FB  FB 2 2
We deduce
5
BE = - x FB. (3.23)

2

iii) Computing the area of triangle ABC.
By the (3.16), (3.18) and (3.23) we get

1 15 1
SABEZEXBEXAH:7><§><BF><DI

15 15
= ? X SDBF = 7 x 100 = 750(cm )
Two triangles ABE, ABC' share the altitude

drawn from B to AC, AC =4 x AE. Thus,
Sapc =4 x Sapp = 4 x 750 = 3000(cm?).
Answer: Sapc = 3.000cm?

Example 3.3 has the solution presented with
a different approach, through finding the ratio
between the altitudes, the bases of two trian-
gles DBF and ABE. So we determine the area
ratio of these triangles and the area of the tri-
angle ABF - an important calculation in com-
puting the area of the triangle ABC'. Of course,
we can also compute the area of triangle ABC'
through the area of triangle BC'D.

Example 3.4. Given triangle ABC'. Take the
point M in BC the point N in AC such that,
BM = MC, CN = 3 x NA. FE is the inter-
section of AM and BN. If the area of triangle
ABC is equal to 420cm?, calculate the area of
triangle AEN and the ratio %
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B M C

ANALYSIS. By the assumptions and condi-
tions about two triangles having equal area,
it is easy to see that

S =-x5 =-x5 )
AEN 4 AEC 4 AEB

Hence, Sapny = £ X Sagn. We deduce

5

1
SAEN = % X SABC = 21(cm2).

SOLUTION. Draw the line segment EC. By
assumption, triangle ABM and triangle AMC
share the altitude drawn from A to BC' and
BM = MC. Therefore, Sagy = Sacm-

Similarly, triangle EBM and triangle EMC
share the altitude drawn from E to BC' and
BM = MC. Hence, SEBM = SEC’M- Deduce

S =9 -5
ABE ABM EBM (3.24)

= Sacm — Secm = Sace
Now we will calculate Sagn in terms of Sapy.

By the assumption CN = 3x NA, then NA =
i x AC'. The triangles AEN and AEC share
the altitude drawn from F to AC, and the ra-

tio of two bases is NA = 411 x AC'. Therefore

SaEN = é_L X Sagc.

Combined with (3.24), we have Sypy =
Saeg, and then

1
1 X

SaEN = £ X SaBn

On the other hand, the triangles ABN and
ABC share the altitude drawn from B to BC'
and the ratio of the bases is NA = i x AC, so

1 1
SABN::Z><SABC::Z:K4%):105@nf)

Therefore Sapy = % x 105 = 21(cm?).

Finally, we calculate the ratio j—ﬂ. The trian-
gles ABE and ABM share the altitude drawn
from B to AM. Therefore, the area ratio of the
triangles ABE and ABM is equal to the ratio

of the bases AE, AM. Therefore,

AE _ Sagpe
AM  Sapm

We have SABE = SABN - SAEN =105 —-21 =
84(cm?). So, the ratio to be found is

AE 84 2
AM 210 5
Answer: Sypy = 21em?; j—]EV[ =2

The subline CFE in Example 3.4 is still the de-
ciding factor to get the correct answer. The
problem can be changed the assumptions, con-

clusions, and others to have new problems:

- Change the conclusions about calculating ar-
eas and ratios, for example, the area of the

triangle AEB or BEM, the ratios g—f; or g—ﬁ,
EN
or +5, etc.

- Change the assumption about the position
of the points M, N in BC', AC' respectively, for
example, BM = 1 x MC and EN =1 x NC
and etc. These changes can make the more dif-
ficult problems. We will consider an example
for these cases.

Example 3.5. Given triangle ABC'. Take the
point M in BC the point N in AC such that,
BM:%XMC',C’N:%XNA,Eisthein—
tersection of AM and BN. Supopose that the
area of the triangle ABC is 420cm?. Calculate
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the area of the triangle AEN and the ratio ﬁ—ﬁ.
A

B M C

ANALYSIS. According to the assumptions and
conditions about the area ratio of two triangles
with equal altitudes, the area ratio is the ratio
of two bases. We have

2

S =-x5 = — X Supn.
AEN 3 X OAEC 3 X OAEB
Therefore, Sapy = § X Sapn. We deduce
8 8
SAEN = ﬁ X SABC = ﬁ x 420 = 16O(cm2)

SOLUTION. Draw the line segment EC. By
assumption, the triangles ABM and AMC
share the altitude drawn from A to BC', and
BM = %XMC. Therefore, Sapy = %XSACM.

Similarly, two triangles EBM and EMC share
the altitude from E to BC and BM = %XMC.
Thus, Sgpy = % X Sgom- We deduce

SABE = SABM - SEBM

1 1
— = %X Sacar — = X Spea = = X Sack.
2>< ACM 5 X OECM 2>< ACE
Therefore,

SACE =2 X SABE (3.25)

Now we will calculate the area Spgy through
SABN-
The triangles AEN and AEC share the alti-
tude drawn from E to AC and NA = 2 x AC.
So we have

2

SAEN = § X SapC-

192

Combined with (3.25), we have Sapy = % X
Sarp. We deduce

SAEN = 7 % Sapn

On the other hand, the triangles ABN and
ABC share the altitude drawn from B to AC
and NA = % x AC, then

2 2
Sapn = 3 % Sapc = 3 X420 = 280(em?).
Therefore, Sapy = 3 X 280 = 160(cm?).

Finally, we calculate the ratio £¥

5 lriangles
BEM and BFE A share the altitude drawn from
B to AM. Thus, the area ratio of the trian-
gles BEM and BEA is the ratio of the bases

AFE, EM. Therefore,

EM B SBEM
AE  Spga’

We have

Sppa = Sapn—Sapy = 280—160 = 120(cm?),
SO

Seen = Sapy—Sepa = 140—120 = 20(cm?).

So, the ratio to be found is

EM 20 1
EA 120 6

2. EM __ 1

Answer: Sapy = 160cm?; T4 = ¢.

Example 3.6. Given triangle ABC'. Take the
points M in BC and N in AC such that
BM = MC, CN = 4 x NA. The line pass-
ing through M and N intersects the side BA
extended at E. Determine the area ratio of the
triangles ANE, ABC and the length ratio of
the sides EN, EM.
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E
A

B M C
ANALYSIS. By the assumptions we have
2apx — L Therefore, to determine the ratio
ABC

‘;“ﬂ we must calculate the ratio g“‘ﬂ

ABC ABN

It is clear that SEBM = SECM; SNBM = SNCM~
Therefore, Segy = Sgcn. On the other hand,
S _ 1 s 1 s _ 1

SEAN = 2. Hence, ZEAY = 7, g0 ZEAN = 2. We

SEcN 4 > SEBN SABN
deduce

SAEN 1 EN 2

=—and — = -

SiBC 15 EM 5

SOLUTION. We draw BN and C'E. Acording
to the assumptions, the triangles FBM and
ECM share the altitude drawn from E to BC
and MB = MC, so Sggy = Secum.

Similarly, we also have Sypy = Svem- We
deduce, Spgy = Skcn

Two triangles EBM and EC'M share the alti-
tude drawn from E to AC' and CN =4 x AN,

so we get

Span = 1 X Sgon-
Therefore,
Span = i X SEBN-
We deduce
Span = 3 X SABN- (3.26)

From the assumption CN =4 x AN, so AC =
5 x AN. Furthermore, the two triangles ABN

and ABC share the same altitude from B to
AC and AC =5 x AN, so we have

1
SaBN = 5 X Sapc-
Combined with (3.26) we get the result

1
SEAN = 15 X SaBc, Or

(3.27)

Span 1

Sapc 15

Next, we calculate the ratio % According to
(3.26), we have

SBEN = g X SBNA' (328)

Now we will determine Sgya through Sgyas.
The triangles BN M, BNC' share the altitude
drawn from the vertex N and BM = % x BC,
so we have

1

SpNm = 5 x Spne-

On the other hand, by the assumptions we
have Spne = 5 X Sapc, $0 Spnar = 2 X Sapcs
or

Sapc = 3 X SBNM-

Combining with (3.27), we get the result

Spna = 5 X SBNM-
Therefore, by (3.28), we have

SpNE = 3 X SpNu-

The trangles BNE, BN M share the altitude
drawn from B to EM and the area ratio

Spen 2

Spnm 3
Thus, the ratio of the bases EN, EM is the

ratio of two areas Sgen, Spyym, and we have

EN  Spey 2 _ EN 2

EM 5

NM ~ Sgyw 3

. Sgan _ 1 EN _ 2
Answer: At = 5, B = 5
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This is a difficult problem that is not given spe-
cific data, especially the requirement to find

the ratio % The problem will be more diffi-

cult if it only requires calculating the ratio %

or changing the assumption about the point
M, for example, BM = 2 x CM. Calculat-

; i SAEN
ing the ratio Sk

also requires a lesser degree of difficulty. When

is an intermediate step and

adding specific data to simplify the problem,
we should start from the area of triangle AEN,
or the area of triangle ABC and calculate the
area of the remaining triangles. Note that, if
we choose a specific figure for the area of tri-
angle ABC', it should be divisible by 3,4,5 so

that the results are integers.

Example 3.7. Given triangle ABC'. Take the
points M in BC and N in AC such that
BM = %XBC’, AN = %1 x AC'. The notation P
is the intersection of AM and BN. Calculate
the area ratio of the triangles PBM, PAN and
prove that PA = PM.

A

B M C

ANALYSIS. Draw the line segment PC.
Thanks to the assumptions we have

1
SPBM = g X SPBC :SPAB = PA=PM.

On the other hand, it is easy to see that

1
Spap = 5 X Spac, Span = é_l X Spac.
Therefore, Spap = 2 X Spany. We deduce

Spey = 2 X Span. To solve this problem we

194|

will prove PA = PM, thereby determining the
ratio of two triangles Spgyr, Span.

SOLUTION. Drawn the line segment PC'. By
the assumptions, we have

AN = % x NC.
The triangles PBM, PC'M share the altitude
drawn from P to BC, and BM = 3 x BC, so
we have

(3.29)

SPBM = g X SPBC. (330)

The triangles PAN, PCN share the altitude
drawn from P to AC, and the ratio (3.29), so

we have

SPAN = =X SPCN- (331)

3
The triangles BAN, BC'N share the altitude
drawn from P to AC, and the ratio (3.29), so

we get

SBAN = 5 X SBCN- (332)
Acording to (3.31) and (3.32), we have
1
SPAB = g X Sch. (3.33)

Combined with the (3.29), we get the result

Spap = SpuB- (3.34)

The triangles BPA, BPM share the altitude
drawn from B to AM. Hence, we have imme-

diately
PA=PM.

Next, we calculate the area ratio of the trian-
gles PAN, PBM.

It is assumed that BM = 3 x BC. Therefore,
we have BM = % x CM.

The triangles ABM, AC'M share the altitude
drawn from A to BC', and BM = % x C'M, so

we have

SABM = =X SACM- (3.35)

2
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From (3.29) and (3.35), we deduce

SPAB = 5 X SpAc. (336)

On the other hand, two triangles PAN, PAC
share the altitude drawn from A to AC, and
AN = ;AC, so we have

1

Span = 7o Spac-

From (3.34), (3.36) and (3.37), we deduce

(3.37)

Span 1
S =—-xS = = —.
PAN = 5 PBM S
Answer: gPAN = %, PA=PM.
PBM

Example 3.8. Given triangle ABC'. Take the
points M, N, P on the sides BC,CA, AB re-
spectively such that MC = 2 x MB,NA =
2x NC,PB = 2 x PA. Prove that Synp =
% X SABC~

A

B M C

ANALYSIS. Draw the line segment AM. By
the assumptions we have Sapy = % X SaBc
and Sypg = % X Sypa. Therefore,

Smpe = § X Sapc-

Similarly, we get

2

Spna = § X Sapc, SMnc = § X SaBc-

1
We deduce, SMNP = g X SABC-

SOLUTION. Draw the line segment AM.
Acording to the assumptions, we have

1
MB = 3 x BC, (3.38)
PB:%XAB (3.39)

Two triangles ABM, ACM share the altitude
drawn from A to BC, and the ratio (3.38). We
have

SABM = =X SABC~ (340)

3

Two triangles M PB, M AB share the altitude
drawn from M to AB, and the ratio (3.39). We
get

Svupe = ; X SpaAB- (3.41)
From (3.40) and (3.41) we get the result

Syvpe = g X Sapc. (3.42)
Similarly, we have

Sunc = g x Sasc, (3.43)

Snpa = g X Sapc. (3.44)

Combined the (3.42), (3.43) and (3.44), we de-

duce .
Sunp = 3% Sapc-

The proof is complete.

Example 3.8 is also a basic problem, has a
simple solution, and is solved by the area
method. However, if the subline AM is not
detected, the problem will not be possible to
solve. Our problem will becomes more difficult
if the points M, N, and P are defined on the

sides of the triangle with different ratios.

Next, we will consider some area problems in

the special quadrilaterals.
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Example 3.9. Given a parallelogram ABCD,
height AH = 15¢m, base AB = 20cm. Take
the point M on the side AB such that AM =
2 X M B. The line segment MC' intersects the
diagonal BD at K. Calculate the area of tri-
angle KM B.

A M B

D H C

ANALYSIS. By assumption, it is easy to calcu-
late the area of triangles M BD, MCD, CBD

and CBM. On the other hand, assumptively,

we have the ratio % = % Therefore, to cal-

culate Sy;pk, we have to calculate the ratio

Supk — 3 or the ratio 22ME — 3 Then,
SMBD 8 Spmc 8

w

Spmr = 5 X Spup = = X Spuc-

8 8
SOLUTION. Acording to the assumptions, we
have MB = 2 x AB = 2 x 20 = 12(cm).

Therefore, we get Spyp = % X MB x AH =

1 %12 x 15 = 90(cm?) = Scws,

By the same assumption, we have
1
Syep = 3 X CD x AH = 150(cm?).

Two triangles MCD, C'M B share the altitude
AH = 15(em), and the ratio of the bases 248 =

CcD
3 Thus, the ratio of the areas is 2¢MB — 3.
5 ) Syvcep 5

On the other hand, triangles MCD, CMB
share the bases M C'. Then, the altitude drawn
from the vertices B, D to M C has the ratio %

The triangles BKM, DKM share the bases

KM, and the ratio of the altitudes is % So

196

the ratio of the areas is % = % It is clear
DKM
that we get the problem: Find two numbers
when the sum and ratio of the two numbers
are known, where the sum is Sgxar + Sprar =
_ 2 s ie SBrm 3
Syep = 90(cm?), the ratio is ZEEM = ¢ and
Sk p is small number. Therefore, we have

Skve =90 +— (3 + 5) X 3 = 33, 75(cm2)
Answer: 33,75em?.

Example 3.10. Given rectangle ABC'D. Take
the point M in C'D, the diagonal BD and the

line segment AM intersect at I such that the

2

area of triangle BMC is equal to 36cm” and

equal to 1% area of triangle IM D. Calculate

the area of rectangle ABC'D.
D M C

A B
ANALYSIS. Acording to the assumptions

9
SBMC = 36cm2 = E X SIMD~

Thus, Siamp = 64em?, and we find the area of
triangle I AB. So, to calculate the area of rect-
angle ABC'D we will compute the area of two
triangles TAD, IBM.

Since S;ap = 3 x ID x AH and Syp =
3 X ID x MK = 64cm?, we would determine
the relationship between the line segments I D,
IB or AH, M K. Notice that % = MK

AH
SOLUTION. By assumptions, we have imme-

diately S;yp = 64cm?. Next, the triangles
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DAB, M AB share the base side AB and the
height DA, so

Smap = Spap = Spcp- (3.45)

On the other hand, the triangles BCD, M AB
share the triangles IM B. We deduce

Srap = Sipu + SMBC = 1000m2.

We determine the triangles TAD, IMB. By
(3.45) and the triangles DAB, M AB share the
triangle IAB, so we have S;ap = Sipy, and
then

ID MK

1B~ AH’
We drawn the altitudes AH, MK with H, K
in BD. Then, we have

(3.46)

1 1
S[MD:§><ID><MK, S]AB:§><IB><AH.

Therefore,
64 Siyp 1D MK
— = = — X ——. 4
100 Siap  IB  AH (3.47)
By (3.46) and (3.47) we get the result
ID ID 64 ID 4
Ve N 4
378 10 155 OB
We deduce,

1 1 4
Siap==xI1IDx AH = -x - x 1B x AH

2 2 5

2

2
= £ % Spap = £ x 100 = 40(cm?).

From the above results, it follows that
Sapcp = 2 X Sapp = 2 X (Stap + Siap) =
280cm?.

Answer: Sypcp = 280cm?.

Example 3.11 (Junior high school Le Quy
Don, 2020). In a trapezoid ABCD, the ratio
between the base sides AB, C'D is % Two di-
agonals AC', BD intersect at I. The area of

triangle AOB is 4cm?. Find the area of trape-
zoid ABCD.

Ap . +B

D C

ANALYSIS. From the assumptions, it is easy
to calculate the area ratio of the triangles
DAB and BCD,

Spap 2

Spep 3
We are also easy to calculate the area ratio of
the triangles ABI and C'BI,

SABI 2 2
=-=5 =6 .
SCBI 3 CBI cm

Hence, Sagp = 10em?. So, Spcp = 15em?,
and thereby Sapcp = 25em?.

SOLUTION. The triangles DAB, BC'D have
the same height as the height of the trapezoid
AB

and the ratio of the bases o= % So the area

ratio of two triangles DAB, BC'D is

Spap 2 3

= —, hay Sgep = = X Spas.
Suep 3 ay WBCD 5 X ODAB
The triangles ABD, C'BD share the base BD
and the ratio (3.49). Therefore, the ratio of the

altitudes drawn from A and C to BD is %

The triangles ABI, C'BI share the base BI
and the ratio of the altitudes drawn from A
and C to BI is % We deduce

(3.49)

3
SC’BI = =X SABI = 60m2. (3.50)

2
On the other hand, S;ap = S;gc = 6cm?. We

deduce,

Sapp = Siap + Siap = 4+ 6 = 10(cm?).
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According to (3.49

~—

, we get

Scpp = = x 10 = 15(em?).

DO W

So, the area of trapezoid ABCD is
Sagep = Sapp + Scpp = 10 + 15 = 25(em?).

Answer: Sypcp = 25ecm?.

4 Conclusion

The article has presented some development
directions to detect new problems such as:
changing the assumptions and/or adding new
assumptions, changing the role between the as-
sumptions and conclusion, and etc. Improv-
ing the solutions to these examples is left to
the reader. Otherwise, these techniques that
we proposed in this work can be applied to
higher levels such as high school and under-
graduate programs for some fields, such as ge-
ometry in algebra and geometric data analysis.
These problems arise in these fields, and some
applications of geometry will be studied in fu-

ture research.

REFERENCES

[1] Bo Gido duc va Dao tao (2020), Toan 16p
4 (Tap 1, 2), Nha xuat ban Giao duc Viet
Nam.

[2] Bo Gido duc va Dao tao (2020), Toan 16p
5 (Tap 1, 2), Nha xuat ban Giao duc Viet
Nam.

198

(3] D6 Dinh Hoan (Chii bién), Nguyén Ang,

[4]

D& Tién Dat, Phan Thanh Tam (2020),
Bai tap Toan 4, Nha xuat ban Gido duc
Viét Nam.

DG Dinh Hoan (Chii bién), Nguyén Ang,
D& Tién Dat, Phan Thanh Tam (2020),
Bai tap Toan 5, Nha xuat ban Gido duc
Viét Nam.

Tran Phuong, Nguyén Dic Tan, Pham
Xuan Tién (2011), Toan Chon loc Tiéu
hoc (Tap 2: Cac dé toan), Nha xuat ban
Gido duc Viét Nam.

Ministry of Education and Training,
Grade 4 Math (Volume 1, 2), Vietnam Ed-
ucation Publishing House.

Ministry of Education and Training,
Grade 5 Math (Volume 1, 2), Vietnam Ed-

ucation Publishing House.

Do Dinh Hoan (Editor), Nguyen Ang, Do
Tien Dat, Phan Thanh Tam (2020), Math
Exercise 4, Vietnam Education Publish-
ing House.

Do Dinh Hoan (Editor), Nguyen Ang, Do
Tien Dat, Phan Thanh Tam (2020), Math
Exercise 5, Vietnam Education Publish-
ing House.

Tran Phuong, Nguyen Duc Tan, Pham
Xuan Tien (2011), Primary Selected
Mathematics (Volume 2: Math problems),

Vietnam Education Publishing House.



