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TOM TAT

Dbi voi todn hoc, 1y thuyét Martingale c6 tic dong dén rdt nhiéu hudng nghién ctru.
Martinganle bat ngudn tir trd choi. Khéng qud ngac nhién khi ngay nay ly thuyét martinganle da
déng vai trd quan trong trong linh vuc ngiu nhién nhu tai chinh, sinh hoc, vat ly. O mat khac, ly
thuyét martingale tng dung vao nhidu nganh cia todn hoc nhu: giai tich ham, phuong trinh vi
phan, todn kinh té, va dic biét gin day, c6 nhiéu img dung thi vi trong thi trudng ching khodn.

Mot cong cu quan trong trong 1y thuyét martingale va cdc ing dung cua chiing 12 cdc thoi
diém dung. Thi du, ching ta mudn dirng mot martingale truéc khi né nhan cdc gid tri qué 16n.
Tuy nhién, dung nén dugc thyc hién sao cho dbi tuong dung lai 1a mot martingale méi thyuc sy
¢6 ¥ nghia quan trong. Vay lam thé nao dé xdc dinh duoc thoi diém dimg? Nhitng diéu sau day
s€ minh chiing cho viéc ung dung toan hoc trong thuc tién, dic biét ddi véi linh vuc ngﬁu nhién.
Chiing ta s& hiéu hon vé thoi diém dimg, dic diém va tinh chét cua ching qua cdc khéi niém,
vi du...

Tir khéa: Thoi diém dimg, diém dimg, todn hoc, Iy thuyét martingale.

ABSTRACT

For mathematics, the theory Martingale has greatly affected research. Martinganle derived
from games. Not too surprising today martingale theory has played an important role in random
fields like financial, biological, physical areas. Furthermore, martingale theory has also been
applied in many branches of mathematics, such as: Functional analysis, differential equations,

econometrics, and especially recently, have many significant applications in the stock market

An important tool in martingale theory and the application of them is the time to stop. For
example, we want to stop a martingale before it becomes big values. However, the stopping
should be made so that the object is a martingale stop which is a really important significance.
So how to determine the time to stop? The followings will demonstrate the application of
mathematics in practice, especially for random field. We will know more about time stops,

characteristics and their properties through the concepts, examples ...

Keywords: stopping time, stopping point, mathematics, martingale theory
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L. Mé& diu

1. Tinh cép thiét

Pé tai tap trung nghién ciru mot van dé
cot 161 cua ly thuyét xac suat, dé la van dung I
thuyet martingale vo6i thoi gian roi rac dé
nghién cuu thoi diém dung. e tai de cap toi
nhiéu tng dung cua ly thuyét xdc suat trong
khoa hoc va doi song.

2. Muc tiéu nghién ciu

- Céc thoi diém ding va mot sb img dung

- Cé4c qua trinh tang lién hop

3. Phuong phap nghién ciu

- K§ thuat st dung céc thoi diém dimng.

I1. N¢i dung

1. Dinh nghia

Gia su mot khong gian do dugc (Q, F)
dugc trang bi mot bd loc (F) . Mot thoi
diém ngdu nhién ©: Q — {0, 1, 2,...} U {0}

dugc goi 1a thoi diém ding néu thoa man:
{we Q:7(w)=n}e F véin=0,1,2,.

Thong thudng, mot thoi diém ding sé 1a
khoang thoi gian ma mot qud trinh ngu nhién
tuong thich véi bo loc (), thoa man mot
s6 tinh chat nao d6 (nhu: thoi diém dau tién
gid chimg khodn cham trdn trong ngay, thoi
diém phd san cia mot cong ty...). Theo nhu
dinh nghia trén, ta c6 thé thiy rang, tai thoi
diém bt ki, ta c6 thé xdc dinh xem céac tinh
chat d6 c6 thoa hay khong theo lugng thong
tin tir b loc ma ta dang xét. Ta ciing thy rang
d6 do xdc suat khong anh huong dén thoi diém
dung, ma chi c6 bd loc thong tin &nh hudng.

Vi du 1.1. Goi 71 thoi diém ma cong ty
thuc sy phd san, phai mot thoi gian sau thi
thong tin nay mai dugc chinh thuc thdong bao
rong rai, nhu vay néu ta khong phai 1a ngudi
trong cong ty dd, thi trudc khi thong tin d6
dugc cong bd rong rai (chdm hon thoi diém
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pha san that) ta s& khong thé tra 10i ding duoc
ciu hoi: cong ty d6 that sy phd san chua ? diéu
d6 6 nghia la bién c6 T <n khéng thudc bd
loc thong tin cua ta tinh dén n, do vay 7 khong
phai 12 thoi diém dimg voi ddi bo loc thong tin
cua ta.

Mot 16p dac trung va thuong dung cua
thoi diém dimg 1 16p cia thoi diém cham

Vi du 1.2.(Thoi diém cham)

Cho B e B(R), cdc qué trinh ngau nhién
X = (Xy)neotwong thich, va

op(m) :=inf {n = 0: X,(w) € B}

v6i inf @ := co. Khi d6 o 1a thoi diém
dirng va goi 1a thoi diém cham cua B
Chimg minh: oz 12 mot thoi diém dimg sau.

{o=n} = {Xog B} N ... {X,.,1& B}
N {X,e B} € F,

véin>1va{og=0}={XpeB}e 7, .

Vidu 1.3.

Cho X = (Xp)aeo va Y = (Yp)aeo 12 qué
trinh tuong thich va

o(w) :=inf {(n>0: Xy(0) = Yy(w)}

voi inf @ =: co. Khi d6 ¢ 1a mét thoi
diém dung.

Trong thuc té, néu ta cho Zy=X,— Ynva
B = {0}, thi ¢ 1a thoi diém cham cta B doi véi
qué trinh tuong thich Z.

Vidu 1.4. Cho X = (X,,)nso 12 qué trinh
tuong thich. Khi dé:

o(w) :=inf {(n>0: X 1(w)> 1}

voi inf @: = o 1a, ndi chung, khong phai
la mdt thoi diém dung.

Bay gid ta tiép tuc voi mot s6 thude tinh
chung cua thoi diém dung.

2. Ménh dé

Choo, . Q— {0,1,2,...} U {0} la
céc thoi diém ding. Khi d6 ta c6:

(i) Anh xa 0: Q — RU{} 12 mét bién
ngau nhién, c6 nghia la:
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o '(0) € Fva o '(B)e F cho tat ca céc
B € B(R).

(i) Thoi diém Max {o, T} 12 mot thoi
diém dung .

(iii) Thoi diém min {o, T} 12 mot thoi
diem dung .

(iv) Thoi diém o + 12 thoi diém dung.

Chung minh. Myc (i) suy tu

o'®)= | o'dnheJF cF

neB ,n>0 n>0

va:
o' (0)=Q\ 0 o'(nheF

Muc (ii) va (iii) 1a két qua cua:
{max{oc, 1} =n}={c=n,t<n}U{c <n,
T=n}

=({o=n}N{r<n)hU({c <n}N{r =n})

N

va:

{min{o,7}=n}={o=n}N {t>n}) U
({ozn} N{t=n})

=[{fo=n} N Q\{t<nP] U [{t=n} N
@\{c<nhlEF,

(iv) Chuing minh hoan toan tuong tu

Biy gio ta dua vao o-dai sb F. trong
mot thoi diém dung t. Cac o-dai sb s& chua tt
ca cdc su kién ta c6 thé quyét dinh cho dén khi
thoi diém dimg T xay ra. Vi du ta c6 thé quyét
dinh A={t = ng} cho dén khi thoi diém dung T
ta ldy ® € Q va doi cho dén khi t s& xdy ra,
c6 nghia la trén {t = 0} thoi diém dung lai xay
ra vao thoi diém 0, trén {t =1} tai thoi diém 1.

Néu t(w) xdy ra, va t(w) n # 0 thi o ¢

A, néut (®) =ngp, thi we A.

3. Pinh nghia

Chot: Q — {0, 1, 2,. . .}U{oo} 1a mot
thoi diém dung, khi d6 mot tap Ae F s&
thudc F; khi va chi khi

AN{t=nje r, v6iVn=0,1,2,..

4. Ménh dé

F. lamot o - dai sb

Chung minh. Ta da c6

Pn{t=n}=0e F,

va QN{r=n}={r=nle F, VOIL Vn
€{0,1,..} & @, ac F,

Bay gio cho Ae F,, thi
A N{r=n}={r=n\AN{T=n)e F, dé

A€ F, . Cubiclng, cho A .4,,..c 7 .Khi
d6 A, N{r=nle F, va

(UAkjm{fzn}e}; valJA e

k=1 k=1

5. Vidu
Néu T=n, thi F, =7,

Trén thuc té theo dinh nghia A e 7, néu
An{r=n}e F, v0in=0,1,2, ...

Td* n # ny ta cho réng
An{r=n)=0c 7, ladiéukién 1am gidm t6i
n = ng , c6 nghia la
Ae frnéuA N{T=n,}e .7-;0. Piéu d6 c6

nghia laA€ 7, .

6. Ménh dé
Cho t 1a mot thoi diém dung. Khi d6

Ae]—'T néu va chi néu A :AmULjAn voi

A, e F, VaAS{t=n},va A_e F vaAy,

C {t=w}.

Ta s& minh hoa diéu nay béng mot vi du.
Vidu: Cho X, =¢;+...+¢, ,Xo=0,

vat (o) =inf{n>0: X,(®)>2}. Khi d6cé:
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A=n |J {r=k}= |J [An{zr=kll= | A

keleo0,,..) keleo,L,.) keleo.L..)

voi Ag= A= D(sau 0 hoac 1 budc, ta
khong thé c6 gia tri 2) va

Ar={e1=g=1},

A={e1=e=¢g=1},

As={e1=er=e3=64=1} U {g1=6r=63=—¢4
=1}U{g=€ =—e3=g4=1}U---

Ta s& tiép tuc voi mot s tinh chit tong
quat cua thoi diém dung.

7. Ménh dé

Cho X = (Xy)n=o 12 mot qud trinh thich
nghi va 1 Q — {0, 1,. . .} 1a mot thoi di€m
dung. Khi do:

Z(0) =Xyo(®): @ — R

la JTT - do duoc

Chitng minh. Ta thiy rang:

{0 EQ:Z(w) EB} €EF v6iVB €
B(R).

Theo dinh nghia né twong duong véi:

{foe Q:Z(we B}jN{nwme Q:1(w)
=nje r,,

hoac:

{oe Q: Xyp(w) € B,1(w) =n}e 7 ,

hoac:

{o € Q:Xy(w) € B,71(0) =n}e 7,

hoac:

{XseB} N{t=n}e F ,

d6 12 diéu can ching minh

8. Ménh dé

Cho 0 < S < T < w la thoi diém dimg.
Khidé 7, c 7, .

Chiumg minh. Ta da c6 A e F, néu va

chinéu A N(s =nje 7 v6in=0,1,2,...
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Dovay AN {T< n}=AN{S<n}N
{T<n}er.

TrAN{S<n}er va{T<n}erF.

Nhung diéu ndy c6 nghiala A N {T =n}
eF, .

Mot trong nhitng thoi diém dimg quan
trong ddi v4i 1y thuyét martingale 1a céc loai
thoi diém ding tuy y (hay tuy chon). Sau ddy
ta xét dén mot két qua quan trong vé loai thoi
diém dirng nay va mot s6 thi du dic trung.

9. Pinh ly dirng tuy chon

Néu M=(M, )", 1a 1 martingale va 0

< S < T <eo 12 cdc s6 nguyén, thi :
E(M, | F)=Mg

Diéu gi s& xay ra néu S<T duoc thay thé

bing thoi diém dimg 6,T:Q—{0,1,...} ?

Pé ¢6 cau tra 101, ta hily xem xét vi du
sau:

Vi du: Vén khoi dau 1a 1 Euro va gia st
1 luong c Euro, ¢ > 1, ta mudn chién thi'lng tro
choi sau day: Néu ban ¢c6 lugng tién N, tai thoi
diém n , ta tung 1 dong xu cong bang va mdi
lan nhu vay c6 thé théng hodc thua mot luong
2" + IN,| Euro, nghia la

No= 1va Nus1 :=Ny + 8n+1(2n + |Nn| )

& diy €, €, ... 1a cdc bién ngau nhién
Bernoulli d6i ximg doc 1ap. Cho g = 1, ta ldy
F, :=06(g,,.....e,) - Ta thu dugc

N ., =2" néue, =1,

Day 1a nhitng gi chiing ta can tim, va qué
trinh (N )™ 1a mot martingale bién doi cua

(€ +-t€ )5 Vi Nyyy - Ny = (2" + IN, ) €041
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Biy gio ta gi6i thiéu chién lugc ding Vivdy P(t>T)>2":

1:Q—{0,1,2,...} U{eo} bi .
{ } { } ang Tu cac két qua trén ta nhan dugc:

)= 1nf{n2 0 :Nn (@)= C} N’C(OJ) () =C va E(NTX{T<°°}) =c
Tinh chét ciia © dugc tém tit trong ménh Vi vy, cho 2 thoi diém dimg véi
dé sau day, 7 m

0<c<t<e va | martingale M=M, ),
10. Ménh a¢ chiing ta khong thé ky vong rang:

Thoi gian ngiu nhién T 1a thoi diém EM_|F,)
dung véi

Van dé 1a ¢ cho nao? Van de la ¢ cho
khéng c¢c6 T > O sao  cho

(i) P({weQ:t(w)<«})=1
P({we Q:w(w)<T})=1

(i) Ny (@=c trén {T<od
11. Ménh dé (Pinh Iy dirng tity chon)
(iii) Cho moi T > 0 ta c6
P({we Q:1(®)>T})>0 Cho Y=(Y,)., la 1 martingale dudi
. twong thich v6i (F, ) _, va gid st
Chitng minh. Qud trinh (N,)~, dugc
S, T: @ {0, 1, 2,....} 1a thoi diém

thich nghi va T c6 thé dugc xem nhu thoi diém

cham cua tap hgp B = [c, =). Vi viy ta c6 mot dung sao cho

thoi diém ding sau:
£ S(MET(@ET, <o

(i) chon=>0, e < A & N
vo1 moi ®we Q va mot s6 To> 0. Thi

PN, 22)2P,, =1)=—
2 E(Y, | F)>Y,

n+l —
.o 5 N LY 7 ng > ’ U
Gia sir, bay gi6 1 no= 0 v6i 2™ 2 ¢ dua C6 dau dang thuc trong truong hop
Y=(Y,)._, 1a 1 martingale.

ra rang:
P(supN,,, Zc¢) = Ple, ,, =D+P, ,, =-L¢g, , =1
Chimg minh: (a) Trudc tién ta gia thiét
+Pe, , =-Lg, ,=-1lg, ,=D+.. . ' ' ‘
111 111 rang Y la 1 martingale. Ta phai chi ra rang:
=ttt
2 22 222
=1 E(Y, | Fy)

(ii) Theo dinh nghia ctia t Cho n=0 ta gia sir:
0 n=S()=T(w)

0 S(w)=T(w)<n

(iii) Tacé thé thiye =...=¢er=-1va
Hn(a)) ::){{néT(w)} - 'X‘{nés(u))} =
1 S(w)<n=T(w)

c6 budc nhu sau

No(w) <c, ....,Nr(w)<c
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va nhén duoc Ho(w) =0 ma H, la 7, -

do dugc véi n=1 tur d6:
{H, =1} ={S<n}n{n=T}={S<n-1}n(Q\{T<n})e 7,
va:
{H, =0} =Q\{H,=1}e %,
Buéc tiép theo ta chi

Y- =Y H(Y,-Y,,) VO bat ky m > Ty c6

dinh vi vay:

E(Y, - Yy) =Y E(H, (Y,-Y,.,))

n=1

E(E(Hn(Yn—Yanlfn—l))

[

n

1l
(NgE

E(H,E((Y,-Y,.)I %))

=
Il

Il
o

Béi vi E((Y,-Y, )%, )=0 dé
EY, =EY,. Gid su bdy gi0 Be F, va xdc
dinh khoang thoi diém ngau nhién méi:

Sg =Sy +m,

Ty =Tp+m,

Khoang thoi diém ngau nhién Sg va Tg

12 khi thoi diém ding, vi du véi Sg ta ¢6
{SB = n} z(Bm{S zn})u(BC m{m = n})

O sb hang dau tién phu thudc vao £ boi
dinh nghia o-dai sb F, va s6 hang thw 2 phu
thugc vao 7 khi no bang véi tap rong néu m
#n va B'e K cF =F néum=n. Vi vay ta

c6 thoi diem dung véi:
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B( Yy +Y . ) =BY, =BY, =E(Y,+Y )
Va:
[ YydP=| YiaP
Cung voi ménh dé 7¢ tréndiéu nay c6
nghia 1a B(Y, | %) =Y,

(b) By gio ta gia sir rang ching ta c6 1
martingale dudi: Trudc tién, ta dp dung phan

tich Doob va nhan thay rang:
Yo=M,+ A,

Tu budc (a) ta co:

B(M, 1 %) =M,

Vi thé:

E(Y; 1 7)= E(M;+A; | F)
= M +E(A; 1 %)
=ZM,+E(A{ 1 R)
=Y,

Vi du (tiép theo vi du trén)

Gia thiét rang bay gio ta phai ding choi
trd choi trong khoang thoi gian To> 0. Chién

Iwgc moi cua ta la:
T(w) := min{™(w), T, }
Chd y rang cyc tiéu cia 2 thoi diém

dimg lai 1a 1 thoi diém ding. Hon nira
T=T,.ChoS=0,taco:

lIA
lIA

T

lIA

0=S T

0

Va, boi dinh 1y dung tuy chon,
E(MTlfs):MSViVéy:

EM, =E(E(M, %)) =EM, =1
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Vi thé chién luoc kép khong cong bang
ctia ta khong 1am viéc bat ky liic nao nhu trudc
nira, ta khoéng thé tré nén giau c6 néu ta chi c6

thoi diém hiru han theo su sép xép cua ta.

II1. Két luin

Thoi diém dimng 12 mot khai niém quan
trong trong 1y thuyét martingale. Trong céc
linh vyc mang tinh xdc suat, ngiu nhién thi
thoi diém dimg mang ¥ nghia rit quan trong.
Nhiing nguoi choi tro choi Poker thuong néi
“thing thua 13 viéc hoan toan binh thuong,
khong c6 gi la 1dm ca. Néu ban khéng kiém
sodt nhitng rui ro, ban s& bi nhing rui ro kiém

sodt”. Biét rang rui ro 1a khong thé kiém sodt,
cling khong thé dy liéu trudc, chi bang ta hay
b ging tranh no, chtr khong phai 1a kiém soét
né. Viéc xédc lap duoc thoi diém dimg 1a viéc
lam can thiét dé tranh cho chiing ta trdnh dugc
nhitng that bai ning né boi tinh trang mat kiém
sodt khi uu thé khong nam ¢ phia minh. Pic
biét, trong cic “trd choi kinh té ” nhu ching
khodn, ciing nhu trong diéu hanh kinh té thoi
diém dirng phai dugc tinh todn can nhéic thin
trong va ngay ca khi d6 ciing nén tiép tuc thuc
hién cdc bién phdp dai han dé thu vé loi nhudn
cao nhit, bén viing va lau dai.
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