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DETERMINE MORSE POTENTIAL, THERMAL EXPANSION COEFFICIENT AND
DESCRIBE ASYMMETRICAL COMPONENTS THROUGH DEBYE -WALLER FACTOR
BY ANHARMONIC CORRELATED EINSTEIN MODEL

Xac dinh thé Morse, h¢ s6 dan né nhiét va mé ta cac thanh phan bit déi xing qua hé s6 Debye - Waller
bing mé hinh Einstein twong quan phi diéu hoa
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TOM TAT

Thé tuong tdc hiéu dung trong md hinh Einstein tuong quan phi diéu hoa di duoc xay
dyng dya trén co s tinh giai tich thé twong tic Morse giita cip nguyén tir hap thu va tin
xa voi cac nguyén tu lan can gﬁn nhét, nghién ctru da biéu dién hé thic hé sb dan nd nhiét
tai nhiét d6 cao va cédc biéu thitc méd ta thanh ph?m bat doi xung (cumulant) va cac dai
luong nhiét dong qua hé sé Debye-Waller. Hé thirc ham twong quan giita cdc cumulant,
ham tuong quan giita cdc cumulant va hé sé dan no nhiét ddi vdi cdc tinh thé cé cau tric
lap phuong ciing da dugc xdc dinh. Cdc hé thirc nhan dugce bao chira ca Iy thuyét co dién

tai nhiét d6 cao va hi€u irng lugng tir tai nhiét do thép.

Tw kKhéa: Phi diéu hoa; twong quan; nhiét dong; bat doi xung; cumulant.

ABSTRACT

Effective potential in anharmonic correlated Einstein model was determined on to
base analytics calculation Morse potential between absorber and backscatter atoms with
nearest neighbor atoms, this work was represented the expression of thermal expansion
coefficient at high temperatures and expressions was described ansymmetry components
(cumulants) and thermodynamic quantity through Debye-Waller factor. Expressions of
correlative function between the cumulants and between cumulants and thermal expansion
coefficient for cubic structural crystals also was determined. The expressions obtained

include classical theory at high temperature and quantum effects at low temperature.

Keyword: Anharmonic; correlate; thermodynamic; ansymmetry, cumulant.
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1. Introduction

Anharmonic correlated Einstein model
was used the calculation cumulants, frequency
and temperature Einstein and thermodynamic
parameters of the cubic structural crystals,
results obtained agree well with experimental
values [6]. In the Einstein model, atomic
interaction potential is Morse pairs potential,
however Morse potential usually deduced
from experiment [4], so analytics calculation
the physics quantity when to need Morse
potential be very hard, therefore if
thermodynamic parameters of Morse potential
are calculated in advance will reduce the
number calculations. In this studying scope,
we are will analytics calculation in advance
Morse interactive potential in anharmonic
correlated Einstein model and application to
determine the expressions of thermal
expansion coefficient, build the expressions
thermodynamic parameters and cumulants
Debye-Waller

correlative functions and thermodynamics

through factor, consider
parameters in classical approximation at high
temperature and quantum effects at low

temperature.
2. Formalism

Anharmonic correlated Einstein model is
described by effective interaction potential as
form [1, 9]:

UE(X): %keffxz +k3X3 + ...

(D
In which x =r-r, is deviation of the

instantaneous bond length of two atoms from
their equilibrium distance or the location of the

minimum potential interaction, k. s

effective spring constant, because it include all

contributions of  neighbor atoms, k., is

3
anharmonicity parameter and describing an

asymmetry in interactive potential.

Anharmonic correlated Finstein model 1is
determined by vibration of single pairs atoms

with M, and M ,mass of absober and

backscatter atoms. Vibration of atoms affected

by neighbor atoms so interactive potential in

expression (1) is written as form [6]:

UE(X)=U(X)+ZU[LxﬁmﬁUj (2)
i M

i

MM,

———~*— js reduced mass, R is the
M, +M,

with L=

unit bond length vector, U(x)characterize to
the single pairs potential between absorber and
backscatter atoms, the second term in equation
(2) characterize for contribution of nearest
neighbors atoms and calculation by sum 1

which is over absorber (i=1) and backscatter
(i=2), and the sum j which is over all their

nearest neighbors, excludes the absorber and
backscatter themselves because they contribute
in the U(x).

The atomic vibration is calculated on
based quantum statistical procedure with
approximate quasi - hamonic vibration [1], in
which the Hamiltonian of the system is written
as harmonic term with respect to the
equilibrium at a given temperature plus an
anharmonic perturbation. Taking account from
that we have:

p? P2 1 ) 3
H=—+Ug(x)=—+—k +kyx? .=
u E(X) w2 eff X 3X
P? 1 ) 3

=—+ ke (y+a) +ks(y+a) +...
2u 2

2

:2—+%kﬂff(y2 +2ay+az)+k3(y3 +ad’ +3a2y+3ay2)+...:
P f

2
:2P +[;—ke”a2+k3a3j+
P 1

+y(ktﬁa+3k;a2) +y (%kqf +3lgaj+/gy3 +... (3)

Setup H,, is sum of first term and fourth term,

Ug (a) is second term and §U  (y) is sum of
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third term and fifth term, we have expressions:

k
H,= P2+k ? E:Lﬁ+3k3a (4)
2u 2 22
1
Ug(a) szeffaz +ksa’ (5)

dUg(a)= (keffa+3k3a2)y+k3y3 (6)
Expression (3) will become:
H=H,+Ug(a)+dUg(y) (7

in which a is thermal expansion coefficient
with:

Xx=1r-19, Yy=—X—4,
a=<x> —><y>:<x—a>:<r—r0—r+r0>:0

deduced
potential according to anharmonic correlated

From equation (7) interactive

Einstein model can write as form:
1

In anharmonic correlated Einstein
model, interactive potential is Morse pairs
anharmonic potential [5], consider
approximation for cubic structural crystals,
anharmonic

Morse potential as

form: U(r) = D(e—m(r—fo) _ Ze—oc(r—ro))
9

in  whichOC(A™") is
coefficient, D(eV) is the dissociation energy

by U(ry)=-D

thermal expansion

We can write expression of Morse
potential according to form of x:

U(r) = D(e_zax —2e_ax) (10)
Expand the equation (10) according to x, we
have:
U(X)ZD{H_M (20x)° (~20)° _ (~20x)
1 2! 3 4
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1 2 3

ool ol ol s
40€’x3+2a4x4+ {1 Otx+loc2 Oc3x 4~10c xﬂ}
2 6 12

Taking approximate to the third-order

term, we can write reduction:
x) zdl—?otx+20c2x2 —g(x3x3 —2+20x—0x> +§)oc3x3 +..]

Thus, expression of Morse potential according
to deviation of the instantaneous bond length
of two atoms x will write become:

U(x):D(—1+0c2x2—0c3x3+...) (11)
The interaction between pairs atoms in
anharmonic correlated Einstein model is
described by expression effective interaction
potential of Morse pairs anharmonic potential
ineq. (11).

From equations (2) and (11) we have:

U (x)=D(-1+0’x> —o’x’ +...) + ZU(MXRO,RUJ (12)

j#

With cubic structural crystals and pure, mass
of absober and bacscatter atoms is equal, so

can take approximation i\ _n_y =%,

simultaneously expand second term of eq.(12)
and calculation, we deduced thermodynamic

parameters k 5, k . , SU(E) [1, 10].
SUg(y)= Docz(c3ay—clocy3) (14)
in which ¢,,¢,,c; are structural parameters

with values corresponding has determined [5].

Anharmonic correlated Einstein model have
been used to analytics calculation cumulants
[6], the expand cumulants according to the

expression:
e(zu«) _ exp{ﬁkro + Z@ c5(n)} ;n=123.. (15)
n nl

with ¢ are cumulants and x =r-r, is
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coefficient and

<y>=0.

Expand cumulants from the first-order to the

thermal expansion

a(T):<r—r0>:0‘(1); y=x—a,

sixth-order, we have:

o =R-r 3(y)=0

e

I <(r_R)3> _ <y3> : (16)
ot = () RP) = [s*) oo

=R -0 )= o

o9 =((e—RI*)15/(e—R)*) (s ~R)?) -10{(—RP) +30{(c~RF) =

:<y6>—15<y4>(62)—10<y3>2+30((52)3
In above expressions of cumulants, the second

cumulant 6®?) =62 or the mean square
relative  displacement (MSRD) otherwise

known as Debye-Waller factor (DWF).

Expressions  annalytics  calculation
cumulants for cubic structure crystals has
determined from the first-order to the third-

order cumulants [10, 5], as form:
The first cumulant or net expansion coefficient

ol =g = 3cqfig (1+2)
2¢7Do; (1-2)

a7)

The second cumulant or Debye-Waller factor:

o2 :<y2> _ 2:?;‘2 8:’3 (18)

The third cumulant characterize to the

anharmonicity:

o) _ 3ea(hog)’ (1+102+22)
oD%a’c? (1-z)?

thermal

(19)

Next, we calculate expansion
coefficient due to effect of anharmonicity

when high raise temperature by fomula [1, 3]:

1[avj
(X’T:__
v {aT ),

(20)

in which V is volume -corresponding the
change of absolute temperature T under
pressure P. Use equation state of thermal
system:

55,5,
), IENE o

ot ) L ap ),

From expressions (20) and (21), we have:

o (E)Vj (E)Pj @)
T 9P )\ aT )y
Setup K= V[ an is elastic modulus
oV )1

determination the change of volume due to

interaction of pressure. Ignore links between

vibrations of atoms and assume freedom

energy Helmholtz as form F=U+ X F, with U
q

is sum potential energy, Fq is free energy and

was created from vibration of lattice with
wave vector g, then pressure dependence to
volume according to expression [2,5]:

p:_(ﬁj =& ﬁ:_f_
T

1
v ” aV 2" [ho)q J (23)
exp| ——1

kT
When appearance anharmonic effect, the
system equilibrium at new location and
volume expanded so important phenomena of
anharmonic effect is dependence of frequency
net vibration to volume, this dependence
described through by second term in

expression (23).
To simple, assume dependence to
volume of all frequencies net vibration the

same and write through Gruneisen factor as
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form:

_ dlnw) d(nw)oa or
~V Yo — — it (24)
® = YT 5my) T s ora(ny)

Factor yg characterize for anharmonic effect
with net thermal coefficient:
da
a=r—-ry - —=1

or

Simultaneously we have:
a(T)- a(TO )=da = o prdT

Deduce thermal expansion
coefficient: o, = =92 (25)
r dT

Substitute (17) into (25) we get:

a _ 3cshog i[(l+z)]:3c3hwEi (1+e-95/T) _
" 2c2par dT((1-2))  2¢2Dor dT (1_6-95/T)

(1_e4aE/T)eﬁﬁ/TiE_(1_e4aE/Tx_e4;E/T)9E

_ 3cshog T2 T _
2¢{Dar (e
B8 B8 O
 Beshoy (1 Z)ZT2 +(1+z)zT2 T ZT2 B
ZCIZD(XI' (1—1)2 2012D0cr (1—1)2
3c3hiwg 6
= ap=-2E7E_ 2

clzDocr T? (1—2)2

) hw
with O =k_ we have:

B
2 2 .
3¢y (hog) z _ 3cikp [hij z 5
Or =" 2 27 2 2
¢;’Dor kgT? (1-z) ¢;’Dar\ kgT ) (1-2)

hw
replace E _ Inz, we obtained thermal
kgT

expansion coefficient:
_ 3cskg z(lnz)2
¢, "Dar (1-2)?

(26)

To reduce calculated and measure, to
need simplification the description expressions
of thermodynamic parameters, thus we can

description thermodynamic parameters
through DWF 2 [6,7,8] by:
¢
27)

z:m
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Substitute formula (27) into equations (17, 18,
19, 26), we have:

1+z 3c;0 3ci0
ol =0 T2=56% o)) =T326) (28)

1-z Cl C1
02:(;(2)@ . oh= oy, (29)
-z 2c,D0”
2 2
6 = ® 3o* ) ~2(o3) G _3¢3% (s (30)
2 | ’ o
(‘50) !
2 22 2
ol ¢, Do’c” . % 0 _3csky
kgT )| ¢ Dor
€1y
Simultaneously we  deduce correlative

expressions between cumulants together and
between cumulants with thermal expansion
coefficient oy, distance between atoms r and
absolute temperature T according to structural
parameters and Debye-Waller factor:

2
2
1| G0
2
o1 Te” ¢, Do’c” o) .

o %k T (2 Y
-l
3lo
(32)0(1)02 _ 1
o a(c2)
2 - 1| 20
3| o2
(33)

where 5,7 6} and 5, are contributions zero-

point into ¢ s2? and o, structural

parameters was described in [5].

According to the description above,
outside the Morse potential parameters
analytics calculation, to calculate cumulants
s 62, ¢® and thermal expansion

coefficient Ol1, we only need to calculate

DWF 62 , therefore has reduce analytics
calculation and programmable calculator for
thermodynamic parameters. The expressions is
determined from quantum theory, therefore
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can applying for any temperature, at high
temperature it include approximate results of
classical theory and at low temperature limit it
always shows quantum effects through
contributions of zero-point energy.

In high temperature limit (HT) we use

approximate  formula e* =1+x, and
B
approximate change z=e¢ T with
ho
O = E , deduced:
kp
hog
D T— (34)
kgT
_ ho
We get:1+ 2 kgT 2kgT - 7o (35)
1-z  ho  joe
kpT

so we reduce expressions of cumulants and
thermodynamic parameters at high

temperature (see in Table statistic)

In low temperature limit (LT) we use
approximate formulas:

! z1+z;1+zz1+z+z:1+22 (36)
1-z 1-2z

because in low temperature limit z — 0, thus,

we can ignore z>

and higher powers, we
reduce expressions of cumulants and
thermodynamic parameters at low temperature
limit (see in Table statistic).

Note cumulants ¢, 62, ¢ include
contributions

zero-point  energy, Oip

approaching the value constant OLOT at high
temperatures but they destructively according
Ok
T
both correlative expressions (32) and (33)

to exponential of at low temperature and

approximately with classical results and
experiment as 1/2 at high temperatures and
right reflection with results of classical theory
and experimentalist.

Table 1: Expressions of cumulants, thermal expansion coefficient, correlative expressions at low

temperature limit (T—0) and approximation at high temperature (T—<)

Quantities T—0 T—o
c oy (1+22) 3c;kgT/ciDa
o 62(1+2z) kpT/c;Do*
c® oV (1+122) 6¢5(kpT)* /c;D%a
%1 oz(Inz)*(1+2z2) o
0rrT62 /6 3zIn(1/z) - O 1/2
UMy 172

3(1+22)*/2(1+122) ., 312
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Figure 1: Anharmonic effective interatomic

3. Conclusion

The effective interaction potential in
anharmonic correlated FEinstein model was
determined on base analytics calculation Morse
interactive potential between pairs absorber and
backscatter atoms with nearest neighbor atoms,
this the
thermodynamic and measures,

work was reduced calculation
parameters
because replace the calculation by complex
matrices three dimensions we only need to solve
problem one dimension with the interaction of
cluster nearest neighbor atoms and results
obtained agree well with experimental data.
Figure 1 description anharmonic effective
potential interatomic and compared with
experimental data for FeMo crystal and graph
show the shifts between present theory and
experimental data small than shifts between
harmonic term with experimentalist, this results
to see present procedure can to use good for the
study anharmonic vibration of atoms. Figure 2
description the dependence temperature and net
expansion of anharmonic perturbation factor in
anharmonic correlated Einstein model and form
high
low

the graph approximate classical at
temperature and quantum effects at
temperature. Figure 3 describe the dependence
thermal

temperature T of the expansion

coefficient, we see o approaching the value
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Figure 3: Dependence temperature T of the
thermal expansioncoefficient O

constant OC% at high temperature but has

destructed according to exponential at low
temperatures.

The

cumulants and thermodynamic parameters was

thermal expansion coefficient,
presented through Debye-Waller factor and
structure parameters and has reduced the
calculations also measure and programmable
calculator. The expression of correlative function
between cumulants, correlative function between
cumulants and thermal expansion coefficient for
cubic structural crystals was determined and
high

low

inclusion both classical theory at
temperature and quantum effects at

temperature limit.
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