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In this paper, we consider a periodic boundary value problem
for a nonclassical diffusion equation lacking instantaneous

damping with hereditary memory
up — Auy — / k() Au(t — s)ds + kolulPtu = g.
0

The main characteristics of the model is that the equation
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does not contain a term of the form —Aw, which contributes
to an instantaneous damping. We use the w-limit compact-
ness of the solution semigroup {S(¢)}+>0 to get the existence
of a global attractor.
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Trong bai bao nay, chiing to6i xét bai toan gia tri bién cho 16p
phuong trinh khuéch tan khong c¢d dién c6 nhé va khuyét sb
hang tét dan tic thoi

— Auy — / K(s)Au(t — s)ds + k0|u|p_1u =g.
0

Dic diém chinh ctia mé hinh 13 phuong trinh khong chita sb
hang ¢6 dang —Auwu, diéu nay gép phan tao ra sy tit dan tiic
thoi. Chiing toi sit dung tinh chit w - gigi han compact clia
nita nhom {S(¢)}+>0 dé chiing minh sy ton tai ciia tap hit

1 INTRODUCTION

The study of the asymptotic behavior of dynami-
cal systems arising from mechanics and physics is
a capital issue, as it is essential, for practical ap-
plications, to be able to get understood and even
predict the long-time behavior of the solutions of
such systems. One way to attack the problem for
a dissipative dynamical system is to consider its
global attractor and some related issues.

The main goal of this paper is to discuss the long-
time behavior of the solutions for the following par-

tial differential equation

up — Aug — /000 k(8)Au(t — s)ds + ko|u|P " u = g(x)
(1.1)
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with the damping coefficient ko > 0, 2 < p < 5,
and the initial data

u(z,0) =up(x), xzeR" t<0, (1.2)
u(z,t) = u(x 4+ Leg,t),x eR*", teR, i =1,2...,n,
(1.3)

where e; = {0,...,0,1,0,...,0} and L is a positive
constant.

The nonclassical diffusion equation was introduced
by E.C. Aifantis [1] as a model to describe physical
phenomena, such as non-Newtonian flows, soil me-
chanics and heat conduction theory (see, e.g., [1]).

The usual nonclassical diffusion equation has form
up — Aug — Au+ f(u) = g. (1.4)

In the last two decades, the existence and long-time
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behavior of solutions has extensively been studied
by many authors, for both in bounded domain case
(see [7]) and in unbouded domain case (see [8]), and

even in non-cylindrical domains (see [5]).

In the case of the nonclassical diffusion equa-
tion containing viscoelasticity of the conductive
medium, that is to say, we add a fading memory

term to this equation,

o0
up — Auy — Au — / k(s)Au(t — s)ds + f(u) = g.

’ (1.5)
The conduction of energy is not only affected by
present external forces but also by historic exter-
nal forces. This leads to the speed of energy dissipa-
tion for equation (1.5) which is faster than for the
equation (1.4). The existence and long-time behav-
ior of solutions to nonclassical diffusion equations
with memory has been investigated for both au-
tonomous case (see [9]) and non-autonomous case
(see [6]) where the memory term satisfies the con-

ditions
k()= [ ulr)dr w () +outs) <05 (10)
or only requires conditions much weaker than (1.6)

K(s) < Opu(s), (1.7)

which can be equivalently expressed in the form
p(o+s) < Me™u(s).

In particular, V. Pata et al. [2] considered the non-
classical diffusion equation with memory lacking in-

stantaneous damping

up — Auy — /OO k(s)Au(t — s)ds+ f(u) = g. (1.8)
0

Under assumption on the memory kernel as in
(1.6), and the nonlinearity f fulfills the growth re-

striction
[f(w) = F(0)] < kplu—o|(1+ [ul* +[0]*)

for some k¢ > 0,

they proved the existence of global attractors and
its regularity. Besides, they pointed out that the
whole dissipation is contributed by the convolu-
tion term only. Then, the weaker condition (1.7) no

longer suffices to ensure the decay of the energy.

In this paper, based on the idea in [2], we prove
the existence of the global attractor A € ngr(ﬂ) X
L2(RT, H?

per(§2)) for the nonclassical diffusion with

memory lacking instantaneous damping. We use

the periodic boundary conditions in R™ space in-
stead of the Dirichlet conditions on the bounded
domain 2, which are discussed widely, and we
get the existence of bouned absorbing sets in the

function spaces Héer(Q) X Li(R*,H&er(Q)) and
ngr(Q) X Li(R+7ngr(Q)), respectively, then we

use the w-limit compactness of the solution semi-
group {S(t)}+>0 to get the existence of global at-
tractor.

Now, denote © = [, (0, L) and the spaces

r 2 _ 2 . o . . .
Lo, () ={ue L7(Q): -/Qudx = 0,u is periodic

in & with period L},

Hpoo () = {u e H*(Q) : /Qudx = 0, u is periodic

in z with period L},

(+,-) and ||-|| are inner product and norm of L'f)er(ﬂ)
along with (-,-)s; and || - ||s are inner product and

norm of H3, ().
To study the problem (1.1), we assume that the ex-
ternal force g and the memory kernel k satisfy the

following conditions

(H1) The time-independent external force g €
L2(Q).

(H2) The memory kernel k is a nonnegative
summable function (we take it of unitary

mass) of the form

K5 = [ uiryar

where € LY(RT) is a decreasing (hence
nonnegative) piecewise absolutely continuous

function such that

1 (s) +dp(s) <0, (1.9)

for some § > 0 and almost every s > 0. In

particular, these assumptions imply that

5(0) = /0 " 4(s)ds < 0o, and u(0) < oo,

namely, p can be continuously extended to
the origin. To avoid the presence of unnec-
essary constants, from now on we assume
%(0) = 1 which can be always obtained by
rescaling the memory kernel.

We mention here, that u can be taken to be
unbounded in the origin; also, it is allowed
to exhibit downward jumps, even countably

many.
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To this aim, following C.M. Dafermos [3], we con-
sider a new variable reflecting history of (1.1) which
is introduced, that is to be,

n'(z,s) =n(z,t,s) = / u(z,t —r)dr, s>0,
0
then we can check that
o' (z,s) = u(x,t) — dsn'(z,s), s > 0.

Since u(s) = —«/(s), problem (1.1) can be trans-
formed into the following system

Ut — Aut - / M(S)Ant(x, S)dS + k0|u|P*1u
0

=g(z), z e R"t € R,
o' (z,s) = —0sn'(x, ) + u(z, t),
reR"t>71,8>0,
u(z,t) = u(x + L,t), z e R* ¢t <0,
n'(x,s) =n'(x+ L,s), € R", s € RT,t <0,
u(z,0) = up(x), z € R",

n°(z,s) = no(z,s) = /OS ug(x, —7)dT,

zeR" seR".

(1.10)

z(t) = (u(t),n"), and z = (uo,m0).

We now define the history spaces L7, (R, ngr(ﬂ)),
which is the Hilbert space of functions p: RT —
H'. (Q) endowed with the inner product

per

@uwnu=AmM@WM®mﬂ®h%,

and let || - ||, denote the corresponding norm.

We now introduce the following Hilbert spaces

H; = O

per

(Q) x L%(RY, H!

per

(Q)),i=1,2.

We first get the existence and uniqueness of local

solution to the problem (1.10) as follows.

Theorem 1.1. Assume that hypotheses (H1)-
(H2) hold. Then for any zo = (uo,n0) € Hi, then
the problem (1.10) has a unique solution z = (u,n')

on the interval [0, T satisfying

z € C([0,T); H1)  for all T > 0.

Furthermore, if z9 € Ha, then the problem (1.10)

has a unique solution z = (u,n'), it satisfies that
z€ C([0,T]; Ha)  for all T > 0.

214|

The proof of the result follows by an application of
a Galerkin scheme, based on the energy estimates
of the forthcoming Lemma 2.3 and Lemma 2.4.

The paper is organized as follows. In Section 1, we
introduce the notation along with some definitions
and give some assumptions on the forcing term g as
well as the memory kernel £(-) (or u(+)). In Section

2, we investigate the existence of global attractors

A.

2 THE EXISTENCE OF A GLOBAL ATTRAC-
TOR IN Hs

The aim of this section is to prove the following

theorem.

Theorem 2.1. Assume that conditions (H1)-
(H2) hold. The semigroup {S(t)}i>0 generated by
(1.10) has a global attractor A in Ha.

In order to obtain the existence of global attractor,
we first prove existence of bounded absorbing sets
in the spaces H; and Ho, then we show that the
semigroup {S(t)}+>o0 is the w-limit compact.

The proof of existence of the absorbing set exploits

in a crucial way the following technical lemma.

Lemma 2.2. Assume that (u,n') is a sufficiently
reqular solution to (1.10). Then, for a > 0, the

functional

A(t) = —(u(t),n iy i=1,2,

fulfills the differential inequality

d 1 9
i) + 2 a1l

a o L.y 2
< Sl + I O3,

0 o0
+ 20 [ il s
0

Besides, we have the control

E.:

(2

[Ai(t)] <

N =

where E; = |lul|? + [[n*(t)[17 , fori=1, 2.

The proof is very similar to that in [2, Lemma 3.3],

so we omit it.

Now, we prove the existence of the absobing sets in

Hl and Hg.
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2.1 Existence of a Bounded Absorb-

ing Set in H,

Lemma 2.3. Let (H1)-(H2) hold. Then there ex-

ists a bounded absorbing set in Hi for the semi-
group {S(t) }i>o-

Ching minh. Taking the inner product in L%er(ﬂ)
of (1.10) with u(t), we have

1
5 (lll® + IVall?) + kollul221,

+ /OOO ) (V' (), Vu)ds = (g,u)-

Noting that nf = —n! + u, we have

/ u(s)/ Vn'Vudzds
0 Q

:/ u(s)/VntVnidzds
0 Q

+/ w(s) | Vn'Vnideds
0 Q

1d

= L2 —/xﬂmWW%- (2.1)
2 dt Le ), 1

Combining (2.1) and (2.1), we get

d o0
GE2 [ )l Bds+ 2kl = 20,0),
0 per

dt

(2.2)
We now multiply the first equation of (1.10) by u,
in L2,,(Q), we get

2ky d
p+1dt

[G]

r 1
LR

gl + [ Ve ||* +

<%W>Amu@xv¢@vam5

1 2 9 L, o 1 ,
< gl + ISl + g+ ol
Thus,
Aho_d ptl 2 2
p+1£”“(t)”zgy + (Jlue]? + [ Ve ||?)
<In'llE .+ lgl? (23)

Next, for v,a € (0,1), we define the function

4k
(I)l(t) = E1 + (12 <p—|—01

7 1
LB,

uum“1)+mmmm

where A;(t) is defined in Lemma 2.2. Thanks to
p € [2,5], it follows

SEA(1) < B1(0) < 2B0(1) + Clu(r)|71]

L
LB,

Combining (2.2) and (2.3) and using Lemma 2.2,

we obtain

4 La2(

dt 4
van(0)\ [

# (2= 20 [T ds + vl

(2.4)

rva
(1) + - [lullt + (a2 - Jel|* + [l )

< (a*+v)|In"II} . + Cllgll*,
where 2(g,u) < 22||ul|? + C|g||*

Using the condition (1.9), and choosing v,a > 0 are
small enough, we have
d va ]
—dq(t et 2 T ant
S01(0) + 2l + Sl
then there exists a constant « > 0 such that

2+ hollulPtL, < Cllgl?,

r 1 =
L

d
—® o, < Clgll?.
T < lgll

Using the Gronwall inequality, we obtain
01(t) < 1(0)e " + Clg%,
thus,
Bi(t) < pyor [l2(8)|I3, < 1,
for all zg € B and for all t > Tz, where B is an ar-

bitrary bounded subset of H;. This completes the
proof. O

2.2 Existence of a Bounded Absorb-
ing Set in H,

Lemma 2.4. Let (H1)-(H2) hold. Then there ex-

ists a bounded absorbing set in Ho for the semi-
group {S(t)}e>o.

Chitng minh. Multiplying the first equation of
(1.10) by —Au(t) in Lier(QL we have

1d

2 dt

ko(p—1 _ >
+ B2 [ upyvipas - [ o) )lds

= (ga 7Au)7

Es(t) +ko/ lulP~t | Vul?dx
Q

where Ey = [Jul|T+|ul3+]n"[3 .- At last, we define
the function

@2(15) = E2 (t) + VGAQ (t),

where As(t) is defined in Lemma 2.2 and §F>(t) <
Dy (t) < 2E5(t).

Using the condition (1.9), we can see that —p/(s) >
dp(s), then ®y(t) satisfies the differential inequality

d vadp(0) £)12 va, 2
a0+ (20 = 2 ) i+ Sl

2
rva
< THWH%*'CHQ\P’ (2.5)
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where

rva
(9,~2u) < 2 lull3 + Clg)*

We now multiply the first equation of (1.10) by
—Auy, we get

||ut||% + ||Ut||% = (g, —Auy) + ko/ \u|p71u - Augdx
Q

—Amuwaww»Awms

1
< gl + 201, + Kl + 201,
where
(oo~ Bue) = [ (o) An'(s), Aurds
0
1
< lluells + 200113, + 2llgll?,

and
1
bo [ JuP - Auds < 3 ]+ K ul
Q
Thus,

a® (flue§ + [luel13)

< a® (4" 13, + 23 Nuld + 4llgl?) . (26)
Summation of (2.5) and (2.6), we obtain
d vadyu(0) 2 )2
R e L L
va 1%
+ (5 — 2028 lul3 + a2 (1= 2) (el + uell3)
4 4
< Cllgl®

Choosing a,v > 0 are small enough then there ex-
ists a constant vy > 0 such that

d
2 0a2(t) +7222(t) < Cllg]*.

Applying Gronwall inequality, we get

Da(t) < P2(0)e " + Cllg||*. (2.7)
Hence there exists pa > 0 such that
By(t) <p2 or  [z(®)lF, < pe (2.8)

for all zy € B and for all t > Tg, where B is an ar-
bitrary bounded subset of H5. This completes the
proof. O

2.3 The Proof of Theorem 2.1

We now give a detailed proof of the Theorem 2.1.
216|

Chiing minh. Firstly, we prove that the semigroup
{S(t)}+>0 is w-limit compact. We have a set {wy}
with eigenvalue Ay,

— Awg(x) = Mpwg (),

wi(z + Le;) = wi(z), i=1,2,...,n,

/ka(x)dx =0,

Ar is an orthonormal basis for Hs, they also
form an orthogonal basis for #;. Denote H,, =
., W}, and let P, be the orthogo-
nal projector on H,, and I be the identity. Then

span{wy, wa, . .

for any (u,n') € Ha, u has a unique decomposition

(Uﬂ?t) = (Ulﬂﬁ) + (uQané)a
where

(uly 7]{) = (Pmu, Pmnt) and

(uz,m3) = (I = P )u, (I = P)n").
On the other hand, for any u € chr(Q) we can see
that f(u) := [u[P~tu € le,er(Q) and f : ngr(Q) —
H..() is continuously compact, then for all € > 0,

there exists m such that
€
”(I_Pm)gH < Zv

(I = Pr) f(u)lx <

(2.9)
S for all u € By(0, po).

(2.10)

=

Multiplying (1.10) by —Awus and using the similar

method described in subsection 2.2, we have

1d
535 (el + o B+ 1513,.) + o | ) uada
oo
- [ H @Il = g -duw). @)
where f(u) = |u|P~lu.
Inequality (2.9) implies that
(ga 7A’1,L2) = (ng + (I - Pm)ga 7AU2)
= (91 + g2, —Auy)
2
€ va €
< lgallluallz < 7 luallz < = luall3 + Tova’
(2.12)
and from (2.10), we obtain
ko / f(u)Augdax
Q
=ko / V f(u)Vugdx
Q
< kol f (w1 | Vuz||
koe
< 0%
k(2)€2 )\2 2
— 2.1
< LRVl @



Dang Thi Phuong Thanh/Vol 9. No 3 May 2023| p.211-218

where )\, satisfies that ||Aus||? > Ao||Vuz||? for all
Ug € D(—A)
Combining (2.11)-(2.13), we deduce that

d oo
gy~ 2 / 1 (5) b (5) |2
dt 0
va, o k> €2
< = _ 4 —.
< 7 lluallz + 8% | Sva
where E3(t) = [lua|[f + lluzl3 + 195113,

Next, we introduction the function
@3(t> = Eg(t) + Z/CLAQ

where As(t) is defined in Lemma 2.2 (with uy in
place of u) and

%Eg(t) < Dg(t) < 2E5(t).

Using the condition (1.9), then ®3(t) satisfies the
differential inequality

d vadp(0) va

a0+ (20 200 ) gl + 5 ol
va? k2e?2 g2

< — ||Opug]|3 + 2 — 2.14

S g euzllz + 5+ o (214)

We now multiply the first equation of (1.10) by
—Auy, then using similar arguments as in (2.6),
one can deduce that

a®([|Opuzllf + | 9pus|13)

< a? (4l|nb)13,, + 2k3[uzll3 +€2) . (2.15)

Summation of (2.14) and (2.15), we obtain

d vadu(0
a0+ (20 700y a) e,

va v
+ (4 =208 )l + 0 (1= 2) (el + [l 3)

4 4
k%€2 g2 5 9
—_ = (Ce”.
— 8\ + 8ra te ©

We now can choose v, a > 0 small enough, then

there exists a constant 4 > 0 such that

d
—By(t) + 73P3(t) < Ce?

7 for all t > Tg.

By the Gronwall inequality, we have
Dy(t) < 3(Tp)e " T8) L Ce?  for all t > Tp.
Thus,

luallf + uzll3 + 3113,

<C (Huz(TB)Hf + [Jus (TB)||% + ||77;FB||§H) o—18(t=Tp)

+ Ce?

< pge_%(t_TB) + Cpe?  for all t > T,

where py and T are defined in (2.8) in Lemma 2.4.

Choosing T™* large enough such that T* — T >
2in (@), then
V3 €

[ualf + llu2ll3 + 2113, < (1+ Co)e® = C1e?

for all t > T*.

Therefore {S(¢)}+>0 is w-limit compact.

Additional to the results described in Lemma 2.3
and Lemma 2.4, we get the existence of the global
attractor A to the problem (1.10) following the re-
sults given in [4]. O

3 CONCLUSIONS

We based on the energy estimates and built on the
M.Conti’s results by removing the technical con-
ditions imposed on the memory kernels to deal
the difficulties when considering the non-classical
diffusion equation lacking instantaneous damping
with hereditary memory. The result of the paper
is proving the existence of bounded absorbing sets
in spaces H1 and Hs , then prove the existence of
global attractors A.
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