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κ(s)∆u(t− s)ds+ k0|u|p−1u = g.

−∆u

ω
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ut −∆ut −
∫ ∞

0

κ(s)∆u(t− s)ds+ k0|u|p−1u = g.

−∆u

ω

{S(t)}t≥0

ut−∆ut−
∫ ∞

0

κ(s)∆u(t−s)ds+k0|u|p−1u = g(x)

k0 > 0 2 ≤ p ≤ 5

u(x, 0) = u0(x), x ∈ Rn, t ≤ 0,

u(x, t) = u(x+ Lei, t), x ∈ Rn, t ∈ R, i = 1, 2 . . . , n,

ei = {0, . . . , 0, 1, 0, . . . , 0} L

ut −∆ut −∆u+ f(u) = g.

ut −∆ut −∆u−
∫ ∞

0

κ(s)∆u(t− s)ds+ f(u) = g.

κ(s) =

∫ ∞

s

µ(r)dr, µ′(s) + δµ(s) ≤ 0;

κ(s) ≤ Θµ(s),

µ(σ + s) ≤ Me−δσµ(s)

ut−∆ut−
∫ ∞

0

κ(s)∆u(t− s)ds+ f(u) = g.

f

|f(u)− f(v)| ≤ kf |u− v|(1 + |u|4 + |v|4)

kf > 0,

A ∈ Ḣ2
per(Ω)×

L2
µ(R+, Ḣ2

per(Ω))

Rn

Ω

Ḣ1
per(Ω) × L2

µ(R+, Ḣ1
per(Ω))

Ḣ2
per(Ω) × L2

µ(R+, Ḣ2
per(Ω))

ω

{S(t)}t≥0

Ω =
∏n

i=1(0, L)

L̇2
per(Ω) = {u ∈ L2(Ω) :

∫

Ω

udx = 0, u

x L},

Ḣs
per(Ω) = {u ∈ Hs(Ω) :

∫

Ω

udx = 0, u

x L},

(·, ·) ‖·‖ L̇2
per(Ω)

(·, ·)s ‖ · ‖s
Ḣs

per(Ω)

g κ

g ∈
L2(Ω)

κ

κ(s) =

∫ ∞

s

µ(r)dr,

µ ∈ L1(R+)

µ′(s) + δµ(s) ≤ 0,

δ > 0 s > 0

κ(0) =

∫ ∞

0

µ(s)ds < ∞, µ(0) < ∞,

µ

κ(0) = 1

µ
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Ḣs

per(Ω)

g κ

g ∈
L2(Ω)

κ

κ(s) =

∫ ∞

s

µ(r)dr,

µ ∈ L1(R+)

µ′(s) + δµ(s) ≤ 0,

δ > 0 s > 0

κ(0) =

∫ ∞

0

µ(s)ds < ∞, µ(0) < ∞,

µ

κ(0) = 1

µ



Dang Thi Phuong Thanh/Vol 9. No 3_May 2023| p.211-218

214|

ηt(x, s) = η(x, t, s) =

∫ s

0

u(x, t− r)dr, s ≥ 0,

∂tη
t(x, s) = u(x, t)− ∂sη

t(x, s), s ≥ 0.

µ(s) = −κ′(s)




ut −∆ut −
∫ ∞

0

µ(s)∆ηt(x, s)ds+ k0|u|p−1u

= g(x), x ∈ Rn, t ∈ R,

∂tη
t(x, s) = −∂sη

t(x, s) + u(x, t),

x ∈ Rn, t > τ, s ≥ 0,

u(x, t) = u(x+ L, t), x ∈ Rn, t ≤ 0,

ηt(x, s) = ηt(x+ L, s), x ∈ Rn, s ∈ R+, t ≤ 0,

u(x, 0) = u0(x), x ∈ Rn,

η0(x, s) = η0(x, s) =

∫ s

0

u0(x,−τ)dτ,

x ∈ Rn, s ∈ R+.

z(t) = (u(t), ηt), z0 = (u0, η0).

L2
µ(R+, Ḣr

per(Ω))

ϕ : R+ →
Hr

per(Ω)

〈ϕ1, ϕ2〉r,µ =

∫ ∞

0

µ(s) 〈ϕ1(s), ϕ2(s)〉r ds,

‖ · ‖r,µ

Hi = Ḣi
per(Ω)× L2

µ(R+, Ḣi
per(Ω)), i = 1, 2.

z0 = (u0, η0) ∈ H1

z = (u, ηt)

[0, T ]

z ∈ C([0, T ];H1) T > 0.

z0 ∈ H2

z = (u, ηt)

z ∈ C([0, T ];H2) T > 0.

g

κ(·) µ(·)

A

H2

{S(t)}t≥0

A H2

H1 H2

{S(t)}t≥0 ω

(u, ηt)

a > 0

Λi(t) = −〈u(t), ηt〉i,µ, i = 1, 2,

d

dt
Λi(t) +

1

2
‖u(t)‖2i

≤ a

4
‖ut(t)‖2i +

1

a
‖ηt(t)‖2i,µ

+
µ(0)

2

∫ ∞

0

−µ′(s)‖ηt‖2i ds.

|Λi(t)| ≤
1

2
Ei,

Ei = ‖u‖2i + ‖ηt(t)‖2i,µ i = 1, 2

H1 H2
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z ∈ C([0, T ];H1) T > 0.

z0 ∈ H2

z = (u, ηt)

z ∈ C([0, T ];H2) T > 0.

g

κ(·) µ(·)

A

H2

{S(t)}t≥0

A H2

H1 H2

{S(t)}t≥0 ω

(u, ηt)

a > 0

Λi(t) = −〈u(t), ηt〉i,µ, i = 1, 2,

d

dt
Λi(t) +

1

2
‖u(t)‖2i

≤ a

4
‖ut(t)‖2i +

1

a
‖ηt(t)‖2i,µ

+
µ(0)

2

∫ ∞

0

−µ′(s)‖ηt‖2i ds.

|Λi(t)| ≤
1

2
Ei,

Ei = ‖u‖2i + ‖ηt(t)‖2i,µ i = 1, 2

H1 H2

H1

H1

{S(t)}t≥0

L̇2
per(Ω)

u(t)

1

2

d

dt

(
‖u‖2 + ‖∇u‖2

)
+ k0‖u‖p+1

L̇p+1
per

+

∫ ∞

0

µ(s)〈∇ηt(s),∇u〉ds = (g, u).

ηtt = −ηts + u

∫ ∞

0

µ(s)

∫

Ω

∇ηt∇udxds

=

∫ ∞

0

µ(s)

∫

Ω

∇ηt∇ηttdxds

+

∫ ∞

0

µ(s)

∫

Ω

∇ηt∇ηtsdxds

=
1

2

d

dt
‖ηt‖21,µ −

∫ ∞

0

µ′(s)‖ηt‖21ds.

d

dt
E1+2

∫ ∞

0

−µ′(s)‖ηt‖21ds+2k0‖u‖p+1

L̇p+1
per

= 2(g, u).

ut

L̇2
per(Ω)

‖ut‖2 + ‖∇ut‖2 +
2k0
p+ 1

d

dt
‖u(t)‖p+1

L̇p+1
per

= 〈g, ut〉 −
∫ ∞

0

µ(s)〈∇ηt(s),∇ut〉ds

≤ 1

2
(‖ut‖2 + ‖∇ut‖2) +

1

2
‖ηt‖21,µ +

1

2
‖g‖2.

4k0
p+ 1

d

dt
‖u(t)‖p+1

L̇p+1
per

+ (‖ut‖2 + ‖∇ut‖2)

≤ ‖ηt‖21,µ + ‖g‖2.

ν, a ∈ (0, 1)

Φ1(t) = E1 + a2
(

4k0
p+ 1

‖u(t)‖p+1

L̇p+1
per

)
+ νaΛ1(t),

Λ1(t)

p ∈ [2, 5]

1

2
E1(t) ≤ Φ1(t) ≤ 2E1(t) + C‖u(t)‖p+1

L̇p+1
per

.

d

dt
Φ1(t) +

νa

4
‖u‖21 +

(
a2 − νa2

4

)
(‖ut‖2 + ‖ut‖21)

+

(
2− νaµ(0)

2

)∫ ∞

0

−µ′(s)‖ηt‖21ds+ k0‖u‖p+1

L̇p+1
per

≤ (a2 + ν)‖ηt‖21,µ + C‖g‖2,

2(g, u) ≤ νa
4 ‖u‖21 + C‖g‖2

ν, a > 0

d

dt
Φ1(t) +

νa

4
‖u‖21 +

δ

2
‖ηt‖21,µ + k0‖u‖p+1

L̇p+1
per

≤ C‖g‖2,

γ > 0

d

dt
Φ1 + γΦ1 ≤ C‖g‖2.

Φ1(t) ≤ Φ1(0)e
−γt + C‖g‖2,

E1(t) ≤ ρ1 ‖z(t)‖2H1
≤ ρ1,

z0 ∈ B t ≥ TB B

H1

H2

H2

{S(t)}t≥0

−∆u(t) L̇2
per(Ω)

1

2

d

dt
E2(t) + k0

∫

Ω

|u|p−1|∇u|2dx

+
k0(p− 1)

4

∫

Ω

|u|p−3|∇|u|2|2dx−
∫ ∞

0

µ′(s)‖ηt(s)‖22ds

= (g,−∆u),

E2 = ‖u‖21+‖u‖22+‖ηt‖22,µ

Φ2(t) = E2(t) + νaΛ2(t),

Λ2(t)
1
2E2(t) ≤

Φ2(t) ≤ 2E2(t)

−µ′(s) ≥
δµ(s) Φ2(t)

d

dt
Φ2(t) +

(
2δ − νaδµ(0)

2
− ν

)
‖ηt‖22,µ +

νa

4
‖u‖22

≤ νa2

4
‖ut‖22 + C‖g‖2,
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(g,−∆u) ≤ νa

4
‖u‖22 + C‖g‖2.

−∆ut

‖ut‖21 + ‖ut‖22 = 〈g,−∆ut〉+ k0

∫

Ω

|u|p−1u ·∆utdx

−
∫ ∞

0

µ(s)〈∆ηt(s),∆ut〉ds

≤ 1

2
‖ut‖22 + 2‖ηt‖22,µ + k20‖u‖22 + 2‖g‖2,

〈g,−∆ut〉 −
∫ ∞

0

µ(s)〈∆ηt(s),∆ut〉ds

≤ 1

4
‖ut‖22 + 2‖ηt‖22,µ + 2‖g‖2,

k0

∫

Ω

|u|p−1u ·∆utdx ≤ 1

4
‖ut‖22 + k2‖u‖22.

a2(‖ut‖21 + ‖ut‖22)

≤ a2
(
4‖ηt‖22,µ + 2k20‖u‖22 + 4‖g‖2

)
.

d

dt
Φ2(t) +

(
2δ − νaδµ(0)

2
− ν − 4a2

)
‖ηt‖22,µ

+
(νa

4
− 2a2k20

)
‖u‖22 + a2

(
1− ν

4

)
(‖ut‖21 + ‖ut‖22)

≤ C‖g‖2.

a, ν > 0

γ > 0

d

dt
Φ2(t) + γ2Φ2(t) ≤ C‖g‖2.

Φ2(t) ≤ Φ2(0)e
−γ2t + C‖g‖2.

ρ2 > 0

E2(t) ≤ ρ2 ‖z(t)‖2H2
≤ ρ2,

z0 ∈ B t ≥ TB B

H2

{S(t)}t≥0 ω {wk}
λk

−∆wk(x) = λkwk(x),

wk(x+ Lei) = wk(x), i = 1, 2, . . . , n,∫

Ω

wk(x)dx = 0,

λk H2

H1 Hm =

span{w1, w2, . . . , wm} Pm

Hm I

(u, ηt) ∈ H2 u

(u, ηt) = (u1, η
t
1) + (u2, η

t
2),

(u1, η
t
1) = (Pmu, Pmηt)

(u2, η
t
2) = ((I − Pm)u, (I − Pm)ηt).

u ∈ Ḣ2
per(Ω)

f(u) := |u|p−1u ∈ Ḣ1
per(Ω) f : Ḣ2

per(Ω) →
Ḣ1

per(Ω) ε > 0

m

‖(I − Pm)g‖ ≤ ε

4
,

‖(I − Pm)f(u)‖1 ≤ ε

4
u ∈ B2(0, ρ2).

−∆u2

1

2

d

dt

(
‖u2‖21 + ‖u2‖22 + ‖ηt2‖22,µ

)
+ k0

∫

Ω

f(u)∆u2dx

−
∫ ∞

0

µ′(s)‖ηt2(s)‖22ds = (g,−∆u2),

f(u) = |u|p−1u

(g,−∆u2) = (Pmg + (I − Pm)g,−∆u2)

= (g1 + g2,−∆u2)

≤ ‖g2‖‖u2‖2 ≤ ε

4
‖u2‖2 ≤ νa

4
‖u2‖22 +

ε2

16νa
,

k0

∣∣∣∣
∫

Ω

f(u)∆u2dx

∣∣∣∣

= k0

∣∣∣∣
∫

Ω

∇f(u)∇u2dx

∣∣∣∣
≤ k0‖f(u)‖1‖∇u2‖

≤ k0ε

4
‖∇u2‖

≤ k20ε
2

16λ2
+

λ2

4
‖∇u2‖2,

λ2 ‖∆u2‖2 ≥ λ2‖∇u2‖2

u2 ∈ D(−∆)

d

dt
E3(t)− 2

∫ ∞

0

µ′(s)‖ηt2(s)‖22ds

≤ νa

4
‖u2‖22 +

k20ε
2

8λ2
+

ε2

8νa
.

E3(t) = ‖u2‖21 + ‖u2‖22 + ‖ηt2‖22,µ

Φ3(t) = E3(t) + νaΛ2

Λ2(t) u2

u

1

2
E3(t) ≤ Φ3(t) ≤ 2E3(t).

Φ3(t)

d

dt
Φ3(t) +

(
2δ − νaδµ(0)

2
− ν

)
‖ηt2‖22,µ +

νa

4
‖u2‖22

≤ νa2

4
‖∂tu2‖22 +

k20ε
2

8λ2
+

ε2

8νa
.

−∆ut

a2(‖∂tu2‖21 + ‖∂tu2‖22)

≤ a2
(
4‖ηt2‖22,µ + 2k20‖u2‖22 + ε2

)
.

d

dt
Φ2(t) +

(
2δ − νaδµ(0)

2
− ν − 4a2

)
‖ηt‖22,µ

+
(νa

4
− 2a2k20

)
‖u‖22 + a2

(
1− ν

4

)
(‖ut‖21 + ‖ut‖22)

≤ k20ε
2

8λ2
+

ε2

8νa
+ ε2 = Cε2.

ν, a > 0

γ > 0

d

dt
Φ3(t) + γ3Φ3(t) ≤ Cε2 t ≥ TB .

Φ3(t) ≤ Φ3(TB)e
−γ3(t−TB) + Cε2 t ≥ TB .

‖u2‖21 + ‖u2‖22 + ‖ηt2‖22,µ

≤ C
(
‖u2(TB)‖21 + ‖u2(TB)‖22 + ‖ηTB

2 ‖22,µ
)
e−γ3(t−TB)

+ Cε2

≤ ρ22e
−γ3(t−TB) + C0ε

2 t ≥ TB ,

ρ2 TB

T ∗ T ∗ − TB ≥
2
γ3
ln

(
ρ2

ε

)

‖u2‖21 + ‖u2‖22 + ‖ηt2‖22,µ ≤ (1 + C0)ε
2 = C1ε

2

t ≥ T ∗.

{S(t)}t≥0 ω

A

H1 H2

A
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Φ2(t) +

(
2δ − νaδµ(0)

2
− ν − 4a2

)
‖ηt‖22,µ

+
(νa

4
− 2a2k20

)
‖u‖22 + a2

(
1− ν

4

)
(‖ut‖21 + ‖ut‖22)

≤ C‖g‖2.

a, ν > 0

γ > 0

d

dt
Φ2(t) + γ2Φ2(t) ≤ C‖g‖2.

Φ2(t) ≤ Φ2(0)e
−γ2t + C‖g‖2.

ρ2 > 0

E2(t) ≤ ρ2 ‖z(t)‖2H2
≤ ρ2,

z0 ∈ B t ≥ TB B

H2

{S(t)}t≥0 ω {wk}
λk

−∆wk(x) = λkwk(x),

wk(x+ Lei) = wk(x), i = 1, 2, . . . , n,∫

Ω

wk(x)dx = 0,

λk H2

H1 Hm =

span{w1, w2, . . . , wm} Pm

Hm I

(u, ηt) ∈ H2 u

(u, ηt) = (u1, η
t
1) + (u2, η

t
2),

(u1, η
t
1) = (Pmu, Pmηt)

(u2, η
t
2) = ((I − Pm)u, (I − Pm)ηt).

u ∈ Ḣ2
per(Ω)

f(u) := |u|p−1u ∈ Ḣ1
per(Ω) f : Ḣ2

per(Ω) →
Ḣ1

per(Ω) ε > 0

m

‖(I − Pm)g‖ ≤ ε

4
,

‖(I − Pm)f(u)‖1 ≤ ε

4
u ∈ B2(0, ρ2).

−∆u2

1

2

d

dt

(
‖u2‖21 + ‖u2‖22 + ‖ηt2‖22,µ

)
+ k0

∫

Ω

f(u)∆u2dx

−
∫ ∞

0

µ′(s)‖ηt2(s)‖22ds = (g,−∆u2),

f(u) = |u|p−1u

(g,−∆u2) = (Pmg + (I − Pm)g,−∆u2)

= (g1 + g2,−∆u2)

≤ ‖g2‖‖u2‖2 ≤ ε

4
‖u2‖2 ≤ νa

4
‖u2‖22 +

ε2

16νa
,

k0

∣∣∣∣
∫

Ω

f(u)∆u2dx

∣∣∣∣

= k0

∣∣∣∣
∫

Ω

∇f(u)∇u2dx

∣∣∣∣
≤ k0‖f(u)‖1‖∇u2‖

≤ k0ε

4
‖∇u2‖

≤ k20ε
2

16λ2
+

λ2

4
‖∇u2‖2,

λ2 ‖∆u2‖2 ≥ λ2‖∇u2‖2

u2 ∈ D(−∆)

d

dt
E3(t)− 2

∫ ∞

0

µ′(s)‖ηt2(s)‖22ds

≤ νa

4
‖u2‖22 +

k20ε
2

8λ2
+

ε2

8νa
.

E3(t) = ‖u2‖21 + ‖u2‖22 + ‖ηt2‖22,µ

Φ3(t) = E3(t) + νaΛ2

Λ2(t) u2

u

1

2
E3(t) ≤ Φ3(t) ≤ 2E3(t).

Φ3(t)

d

dt
Φ3(t) +

(
2δ − νaδµ(0)

2
− ν

)
‖ηt2‖22,µ +

νa

4
‖u2‖22

≤ νa2

4
‖∂tu2‖22 +

k20ε
2

8λ2
+

ε2

8νa
.

−∆ut

a2(‖∂tu2‖21 + ‖∂tu2‖22)

≤ a2
(
4‖ηt2‖22,µ + 2k20‖u2‖22 + ε2

)
.

d

dt
Φ2(t) +

(
2δ − νaδµ(0)

2
− ν − 4a2

)
‖ηt‖22,µ

+
(νa

4
− 2a2k20

)
‖u‖22 + a2

(
1− ν

4

)
(‖ut‖21 + ‖ut‖22)

≤ k20ε
2

8λ2
+

ε2

8νa
+ ε2 = Cε2.

ν, a > 0

γ > 0

d

dt
Φ3(t) + γ3Φ3(t) ≤ Cε2 t ≥ TB .

Φ3(t) ≤ Φ3(TB)e
−γ3(t−TB) + Cε2 t ≥ TB .

‖u2‖21 + ‖u2‖22 + ‖ηt2‖22,µ

≤ C
(
‖u2(TB)‖21 + ‖u2(TB)‖22 + ‖ηTB

2 ‖22,µ
)
e−γ3(t−TB)

+ Cε2

≤ ρ22e
−γ3(t−TB) + C0ε

2 t ≥ TB ,

ρ2 TB

T ∗ T ∗ − TB ≥
2
γ3
ln

(
ρ2

ε

)

‖u2‖21 + ‖u2‖22 + ‖ηt2‖22,µ ≤ (1 + C0)ε
2 = C1ε

2

t ≥ T ∗.

{S(t)}t≥0 ω

A

H1 H2

A
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